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I. Abstract 
 
Combining modes of vibration, such as longitudinal and torsional vibration, is 
advantageous in many ultrasonic applications such as ultrasonic drilling, welding, and 
motors. In this work we present a novel approach to the design a longitudinal-torsional 
(LT) ultrasonic horn which adapts the front mass in a traditional Langevin transducer. 
Different approaches, such as degeneration of longitudinal vibration and coupling between 
longitudinal (L) and torsional (T) modes, have been used to generate the LT mode of 
vibration. The degeneration approach creates a non-uniform section, by cutting and 
twisting a number of slots along the path of the L wave such that part of the wave converts 
into T wave whilst the remaining part propagates unchanged through the section; these two 
parts are recombined near the output surface to form LT vibration. The mode coupling 
approach uses two set of vibration generators, usually piezoelectric elements, where one 
set generates L vibration whilst the second set generates T vibration. An exponential cross-
sectional horn uses to combine the two modes where the area reduction factor is selected 
such that these modes resonate at the same frequency. However, many limitations prevent 
the wide usage of these methods in ultrasonic applications. These limitations are the 
complex design and excitation, possible coupling with surrounding modes, instability in 
operating at different boundaries, difficulty in securing the structure without influencing 
the vibrational response and the low produced torsionality, which is the ratio of torsional to 
longitudinal response at the output face. 
The new approach is based on combining the principles of these methods to overcome the 
previously stated limitations, the slotting technique is incorporated into the exponential 
cross-sectional path and the horn produced is utilised as the front mass of a Langevin 
transducer. A set of design and performance criteria are used to optimise the transducer 
and includes applicable design; methods of securing the transducer; and the excitation 
features of LT transducer such that it can operate without the effects of surrounding modes 
of vibration and can produce high response and torsionality at the output surface. A 
methodology which combines mathematical and experimental modelling is used to 
optimise LT transducer design. The mathematical modelling, which includes finite element 
(FE) and analytical methods, is performed to optimise the geometry and to predict 
electromechanical parameters, modal parameters and the dynamic behaviour of LT 
transducer. The experimental modelling is used to validate the mathematical results and to 
characterise the fabricated prototypes under different operating conditions.  
vi 
 
The dimensions of the initial design of the L mode Langevin transducer are derived from 
the principles of the wave equation. This transducer has a set of piezoceramic components 
sandwich between a cylindrical back mass and an exponential front mass connected by a 
pre-stressed bolt. The dimensions are used to create the FE model, using the FE software 
package ABAQUS, where different shapes of cut at different dimensions and at various 
angle of twist along the front mass are introduced and examined by a modal analysis 
procedure to the front mass. An optimised model is then utilised in a size scaling study to 
confirm the suitability of using this approach for different ultrasonic applications. 
The dimensions of the optimised design are also used in the analytical study, based on 
Mason’s electric equivalent circuit approach, to predict the electromechanical parameters 
where a one-dimensional equivalent circuit approach is created separately for each part 
whilst the combination vibrational motion in the front mass is represented by two, 
longitudinal and torsional, equivalent circuits. The complete equivalent network of the LT 
transducer is then solved using the mathematical software package MATHEMATICA. The 
analytical model is also extended to validate some of particular FE findings such as the 
distribution of the response amplitude and the location of the longitudinal nodal plane 
along the transducer’s structure. 
Two optimised models of different sizes are fabricated and characterised through different 
testing techniques including electrical impedance analysis, experimental modal analysis 
(EMA) and experimental harmonic analysis. Optimisation of the pre-stressing of the 
transducer is performed by applying different torques to the pre-stressed bolt and 
measuring the electrical impedance spectra where the results are compared to analytical 
findings. EMA is then used to describe the natural characteristics of the structures where 
the results are used to accurately extract the modal parameters and to validate the 
predictions of the FE and analytical model. Different levels of harmonic excitation are used 
to characterise the fabricated prototypes where the results are compared to the findings of 
the mathematical modelling.  
 A case study of the design of the LT drill is presented to validate the design approach for 
real ultrasonic applications. A similar methodology is applied and the resulting LT drill is 
tested for both unloaded and loaded operating conditions. The results obtained show that 
this new approach can be easily and successfully applied to ultrasonic applications to 
produce a torsional to longitudinal amplitude response of 0.8 which is measured on a 
fabricated prototype. 
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CHAPTER 1 INTRODUCTION                                                                                                                   1 
 
 
Chapter 1 Introduction 
 
Sound waves define a sequence of compression and rarefaction and is the means by which 
acoustic energy propagates in an elastic medium. The number of repeated sequences per 
unit time is called the frequency which can be used to classify the sound waves as shown 
in Figure ‎1-1. The ability of the human ear to detect sound is used as the threshold limits 
along the frequency axis, where the sound wave frequency lower and upper limits are 
called infrasound and ultrasound, respectively. Ultrasonics (from ultrasound) is a term 
which refers to the application of sound waves in transporting mechanical energy at a 
frequency greater than the upper threshold limit (typically considered to be 20kHz). It is 
also used as a shorthand term for any piece of equipment employing ultrasonic waves. 
Nowadays, a wide range of applications use ultrasonic principles which can be categorised, 
according to the rate of energy transfer (or power intensity), into low or high power 
ultrasonic applications. In low power ultrasonics, the propagated waves do not alter the 
physical properties of the propagation medium and are usually applied in frequencies 
above 100kHz with power intensity ranging from 0.1 - 0.5W/cm
2
. These are widely used in 
non-destructive testing and medical diagnostic applications. High power ultrasonics 
(sometimes referred to as macrosonics or simply power ultrasonics) requires a power 
intensity generally higher than 10W/cm
2 
so that the sound waves induce a permanent 
change in the propagation medium. Power ultrasonics is normally applied in a frequency 
range of 20kHz to 100kHz such as that typically used in ultrasonic cutting, ultrasonic 
welding, and many other ultrasonic applications [1-3]. 
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Figure ‎1-1 Classification and applications of sound waves over a typical ranges of 
frequencies [4].  
1.1 Generating of ultrasonic waves 
The most common methods used to produce waves in ultrasonic applications are: 
mechanical, magnetostrictive and piezoelectric methods. The mechanical method is the 
earliest known method for producing ultrasonic frequencies up to 30kHz by using Galton’s 
whistle. This is operated by blowing a jet of high pressure gas into a tube. The tube has an 
internal piston to vary the frequency by varying the resonance cavity length. Galton’s 
whistle, also known as a silent or dog whistle, is utilised for dog training purposes [5]. 
The magnetostrictive method uses naturally occurring ferromagnetic materials, which can 
convert magnetic energy into kinetic energy (or the reverse), such as iron, cobalt and 
nickel. These materials contain natural distortions and unaligned regions that possess a 
magnetic polarity called domains. When a magnetic field,   , is applied to a ferromagnetic 
material, the domains will rotate to align themselves with the direction of the applied field. 
This rotation leads to a change in the geometric dimensions of the material and therefore 
produces a deformation,   . This property was first discovered by Joule in 1842, who 
noticed a change in the length of a sample of nickel when it’s magnetic state change. He 
called this phenomenon Joule or magnetostrictive effect whilst the reciprocal effect, in 
which the applied magnetic field is changed due to a mechanical compression,   , or 
tension,   , force, is called the inverse magnetostrictive or Villari effect. These effects are 
presented in Figure ‎1-2 [6, 7]. 
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Figure ‎1-2 Magnetostrictive effect (left) and the inverse magnetostrictive  effect (right) [7, 
8]. 
 
The piezoelectric method uses piezoelectricity (from the Greek: piezein 'press or squeeze' 
and electricity) which is a property of certain classes of crystalline materials which consist 
of polarised molecules. When a mechanical compression,   , or tension,   , force is 
applied to one of these materials, the crystalline structure produces a potential difference, 
and therefore a charge,   , proportional to the applied force. This behaviour is called the 
direct piezoelectric effect. Conversely, the inverse piezoelectric effect occurs when an 
electrical field is applied across the material. The polarised molecules will align 
themselves with the electrical field, which induces electric dipoles within the molecular or 
crystalline structure of the material. This molecular realignment causes a change in 
material dimensions. Piezoelectric materials include natural materials such as quartz and 
Rochelle salts or manufactured materials, which exhibit better performance, such as Lead 
Zirconate Titanate (PZT) and Barium Titanate. The first demonstration of the direct 
piezoelectric effect was in 1880 by Curie whilst the inverse piezoelectric effect was 
mathematically derived from the fundamentals of thermodynamic principles by Lippmann 
in 1881. These effects are shown in Figure ‎1-3, where the poling axis represents the 
direction of piezoelectric effect [9, 10]. 
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Figure ‎1-3 Direct piezoelectric effect  (left) and the inverse piezoelectric effect  (right) [11].  
1.2 Ultrasonic transducers 
In ultrasonic power transduction, the magnetostrictive effect and indirect piezoelectric 
effect are employed to convert alternating current energy to acoustical energy at high 
frequencies. Therefore, an ultrasonic power transducer can be either magnetostrictive or 
piezoelectric.  
A simple form of a magnetostrictive transducer consists of a core of ferromagnetic material 
bonded by a conducting wire. When an electrical current is pulsed into the wire at a certain 
frequency, a magnetic field is produced and causes a reorientation of the core’s domains 
which align themselves along the direction of the applied field. This reorientation changes 
direction at each half cycle of the input pulse and causes a reciprocal deformation of the 
core material. Therefore the frequency will be double that of the pulses frequency. 
The most common type of piezoelectric transducer, which is called a Langevin transducer 
and is sometimes referred to as a sandwich or stacked transducer, consists of the 
piezoelectric element(s) that are sandwiched between electrodes and are pre-stressed by 
front and back masses (layers) as shown in Figure ‎1-4. The piezoelectric element(s) 
generates an acoustic wave in both the front and back directions, however the function of 
the back mass being to encourage wave propagation in the forward direction. This is 
achieved by using a back mass of higher acoustic impedance than the front mass, which 
transmits the acoustic energy to the load. 
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Figure ‎1-4 Conventional Langevin transducer  [12].  
 
Similar to a magnetostrictive transducer, piezoelectric transducers are excited by an 
electrical current that is pulsed to the piezoelectric element(s) through the electrodes which 
causes the elements to vibrate at the same frequency as the applied pulses. However, it has 
been shown that piezoelectric transducers present better characteristics than the 
magnetostrictive transducers in different fields of ultrasonic applications which are listed 
in Table ‎1-1. 
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Table ‎1-1 Comparison between magnetostrictive and piezoelectric transducers.  
Magnetostrictive transducer  Piezoelectric transducer 
1- The overall efficiency of converting 
electrical energy to mechanical energy is low 
and in some cases it is only 50-60%. 
 1- Efficient devices where most of electrical 
energy is converted to mechanical energy and 
the overall efficiency can reach up to 90%. 
2- Large size devices which may require 
special cooling methods to keep components 
within acceptable operating temperatures. 
 2- They are relatively small and lightweight 
devices which do not require significant 
cooling. Reliable for long-term operation. 
3- Requires expensive and large electronic 
components that are able to withstand the high 
operating temperatures. 
 3- Stable over a broad range of temperature, 
but may be affected by long use at high 
temperatures. 
5- Affected by the surrounding 
electromagnetic fields which limit its usage 
for such environment. 
 4- Not affected by external electromagnetic 
fields. 
4- Requires large generator enclosures which 
may limit the flexibility of usage for many 
applications. 
 4- Simple, reliable, and very robust. Can be 
used in different fields of industry, medicine, 
and aerospace applications. 
5- Typical operating frequency is less than 
30kHz which limits use in high frequency 
applications. 
 5- Can be designed for a wide range of 
frequencies based on the requirements of 
application. 
 
In additional to the above points, the configuration of the Langevin transducer has many 
other advantages which can be summarised as follows [11, 13]: 
1- It is possible to apply a mechanical pre-stress to the piezoelectric elements by means of 
a central bolt or peripheral sleeve. This will decrease the electrical impedance of the 
transducer, increase the generated dynamic stress amplitude and increase the maximum 
power intensity considerably. It also prevents piezoelectric element(s) fracture in the 
expansion half-cycle and improves the mechanical contact between transducer parts which, 
in turn, decreases mechanical losses. 
2- The additional mass will increase the mechanical strength and the mechanical quality 
factor of the transducer. 
3- Piezoelectric materials have poor thermal capacity which is compensated by the metal 
masses which act as heat sinks. Therefore, the Langevin configuration enables the 
transducer to be driven at a higher frequency where elevated temperatures can occur. 
4- The metal masses give flexibility to the design of variable shapes and dimensions. 
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5- The metal masses replace the required expensive piezoelectric material to achieve the 
required wavelength of the frequency, so that the transducer cost will decrease. 
6- The metal masses help guide the majority of the generated acoustic energy towards the 
application direction rather than it dividing equally in both directions. 
1.3 Modes of vibration 
When a piezoelectric element is pulsed by an electrical current, it generates a vibrational 
wave of small amplitude which is insufficient for many ultrasonic applications. To 
overcome this limitation, transducers employ the mode shape of the structural geometry to 
amplify this amplitude. In pre-stressed sandwich transducers, the front and back masses are 
used to modify the resonance length of the structure so that the transducer will vibrate at 
resonance. Based on the required application, the selection of the mode of vibration is 
considered and then other design parameters of the transducer parts are decided. In general, 
ultrasonic transducers employ one mode of vibration which can be longitudinal (L) mode, 
torsional (T) mode or flexural (F) mode as shown in Figure ‎1-5. However, it is also 
possible to combine these modes of vibration to produce a new shape of motion. Possible 
combinations are longitudinal-torsional (LT), longitudinal-flexural (LF) and torsional-
flexural (TF) modes of vibration which have proven to be useful in many modern 
applications [14]. 
 
 
 
 
(a) Longitudinal mode. 
 
(b) Torsional mode. 
 
(c) Flexural mode. 
Figure ‎1-5 Mode shapes, from a finite element model of a rod. 
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1.3.1 Longitudinal –torsional mode of vibration 
The longitudinal-torsional (LT) mode of vibration (sometimes referred to as the LT 
composite mode of vibration) is employed in many ultrasonic applications such as 
ultrasonic cutting, ultrasonic welding, ultrasonic motors and ultrasonic drilling. In this 
mode, the particles of the propagation medium vibrate in a spiral motion along the 
propagation direction. This spiral motion of the LT mode of vibration produces elliptical 
orbits in ultrasonic motor which has been shown to improve the produced torque. Also the 
elliptical motion increases the strength and uniformity of bonding in ultrasonic welding 
and enhances the drilling quality of ultrasonic drills [15, 16]. 
There are different approaches which can be used to generate LT vibrations in ultrasonic 
applications. However, two main approaches are widely used to produce this mode in 
ultrasonic horns (sometimes referred to as waveguides or resonators). These approaches 
are degeneration of L vibration, and coupling between L and T modes of vibration. 
1.3.1.1 Degeneration of longitudinal vibration approach 
In this approach, ultrasonic horns enable transformation of L motion which is excited by 
the piezoelectric stack into both L and T motion at the forward end, which is the working 
end of the horn. This can be obtained by geometrical modifications to the horn, which 
could be the front mass of a transducer or a part attached to the L mode transducer. These 
geometrical modifications create a non-uniform cross-section that twists along the horn 
axis and produces a spiral wave path as shown in Figure ‎1-6. 
The non-uniform twisted section can be created in a bar by placing a number of grooves 
along its length and then physically twisting the bar. It can also be created by machining a 
number of twisted grooves along a bar to produce spiral wave paths. Another method to 
produce this section is by twisting a rectangular cross-sectional bar about its lengthwise 
axis which can also produce the required wave path. When these horns are mechanically 
connected to L wave generators, they produce the desired LT vibration at their working 
tips. 
This approach is simple in implementation, requires a single source of vibration and has 
good resonance stability for various boundary conditions. However, it produces low 
torsionality, which defines the ratio of T to L response amplitude at the output surface of 
the horn. The only possibility to produce high torsionality is to excite the horn at a non-
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resonance frequency, but this will produce a low response amplitude which is insufficient 
for ultrasonic applications [17]. 
Other disadvantages of this approach are: the slotted section reduces the flexural stiffness 
of the horn which gives a possibility of unwanted modal coupling between the desired and 
surrounding modes, especially F modes. Also, creating slots on the horn can produce, 
when attached to a transducer, a long and heavy ultrasonic system which is impractical for 
use in many applications such as medical devices [18, 19]. 
 
 
Figure ‎1-6 Schematic of the degeneration of L vibration approach in a sandwich transducer.  
1.3.1.2 Coupling between longitudinal and torsional modes approach 
This approach can be utilised in ultrasonic sandwich transducers by using two sets of 
piezoelectric component(s) of different poled directions; set one is poled in the L direction 
whilst set two is poled in the T direction to generate L and T waves, respectively. These 
waves subsequently combine in the front mass horn which is designed such that the whole 
transducer is resonant in the L and T modes at the same frequency. An exponential cross-
sectional decay horn is used successfully for this purpose as shown in Figure ‎1-7 [20].  
This approach yields high torsionality and can be designed to control the amplitude of each 
response separately which is an important advantage for many applications. However, it 
has limitations in terms of complexity in both mechanical design and electrical excitation. 
This approach also requires more expensive tangentially-poled piezoceramic discs and, as 
might be expected, it can prove difficult to maintain frequency matching between the two 
resonances under different load conditions. Furthermore, as the transducer needs to be 
secured to a housing by clamping at the zero vibrational response location (nodal plane), 
this approach produces two nodal planes (for L and T modes) and therefore it is difficult to 
create a clamping feature that does not influence the vibrational response [18, 21]. 
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Figure ‎1-7 Schematic of the coupling between modes approach in a sandwich transducer.  
1.4 Objectives 
The objective of this work is to create a new approach to the design LT transducers which 
can overcome the limitations in the above-mentioned approaches. The proposed approach 
should have simplicity in design, fabrication and excitation features, and is also required to 
produce high torsionality with stable resonance conditions and a good frequency separation 
between the desired LT mode and surrounding modes. Finally an easy clamping feature is 
essential for casing purposes. A combination of the principles of degeneration and 
coupling approaches is proposed to produce this design. A slitting-twisting technique is 
introduced into an exponential cross-sectional horn which acts as the front mass in a 
Langevin longitudinal transducer. This configuration reduces the boundaries between 
transducer parts and therefore decreases the mechanical losses. 
This research concentrates on optimising a number of geometrical design parameters based 
on a set of transducer performance criteria. The design parameters include shape, 
dimensions and twist angle of the created slots whilst the performance criteria include 
torsionality, frequency spacing between modes, ratio of L response between front and back 
masses and the location of the nodal plane along the structure. 
The initial dimensions of a longitudinal Langevin transducer with an exponential front 
mass are calculated based on the wave equation and acoustical relationships between 
transducer parts. A finite element (FE) model is then created for different cut shapes, 
dimensions and various twist angles along the front mass. A modal analysis procedure is 
performed to optimise the cut geometries based on the performance criteria. The FE model 
is also used to perform a size scaling study to generalise the design for different ultrasonic 
applications. 
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The optimum design is evaluated analytically, based upon the equivalent electrical circuit 
method, to explore design aspects which cannot be covered by the FE model such as the 
electrical impedance spectra and the effective coupling between electrical and mechanical 
energy. The method is expanded to validate some FE results such as the distribution of 
response amplitude and the location of the L nodal plane of the desired mode along the 
transducer structure. Finally, a number of prototypes are fabricated and experimentally 
investigated to validate the modelling findings and characterise the fabricated transducers 
for different operating conditions. 
1.5 The research goals 
The LT mode of vibration has many applications in power ultrasonic devices; therefore the 
current work aims to design a LT ultrasonic transducer which has the following 
advantages: 
1- The transducer can produce high torsionality.  
2- The operating mode has sufficient frequency separation from the surrounding modes to 
prevent any possible modal coupling during operating. 
3- The design improves transducer efficiency by minimising boundary losses. 
4- The design can be scaled to suit different ultrasonic applications. 
5- The fabrication processes are simple enough to ensure reasonable cost of fabrication. 
1.6 Scope of work 
The following work is organised as follows: 
Chapter 2 is a scientific literature review where a general overview of different transducers 
is presented. An introduction to LT transducers and the methods of producing this mode in 
ultrasonic application is then discussed, reviewing a number of applications that can 
benefit from this combination of motions. Finally the modelling approaches for LT 
systems are demonstrated followed by a discussion of their advantages and limitations.    
Chapter 3 presents the FE model approach to the LT transducer. The principles of 
transducer design and optimisation criteria are highlighted; first the design and 
characterisation of the wave equation and the acoustical relationships between the 
longitudinal Langevin transducer parts are used to calculate the initial dimensions. Second, 
the FE model of the initial design is created where the modelling steps for materials and 
CHAPTER 1 INTRODUCTION                                                                                                                   12 
 
boundary definitions besides discretisation and analysis configurations are discussed in 
detail. An FE modal analysis procedure is then used to optimise this design where different 
cross-sectional cuts of different depths and at various twist angles are introduced in the 
front mass. The FE model is also employed in a numerical size scaling study to generalise 
the geometric dimensions for different ultrasonic applications. Finally, the linear dynamic 
behaviour of the transducer is simulated where the output response and torsionality are 
predicted for different levels of harmonic excitation. An attempt is also made to calculate 
the electrical impedance spectra from the FE model over a range of frequencies. 
Chapter 4 introduces the analytical model of the optimum design based on the equivalent 
electrical circuit method. This modelling procedure is used to explore the aspects which are 
not covered by the FE model and to validate some FE findings prior to fabrication. The 
principles of the equivalent electrical circuit method, based on Mason’s model, are 
presented where the equation of wave motion in a solid elastic medium is used to create the 
system equations. MATHEMATICA  is then used to solve these equations where a 
program code is written to calculate the electromechanical parameters such as the electrical 
impedance spectra and the voltage/current phase difference of the transducer. 
Chapter 5 presents the fabrication process of two different sizes of LT transducer and the 
experimental testing methods of these prototypes. The fabrication process is divided into 
preparation and assembly steps where a detailed demonstration of each step is presented. 
The test methods, which included electrical impedance analysis, experimental modal 
analysis (EMA) and dynamic behaviour analysis, are introduced and the test results are 
compared to the model findings. 
In chapter 6, a case study of designing a LT drill is presented where the developed 
methodologies of LT transducers, which presented in previous chapters, are employed and 
the resulting design of drill is fabricated and tested for different operating conditions. The 
test results are also compared to the model results for validating and characterisation 
purposes.   
Chapter 7 presents the conclusions of this work, and makes suggestions for future work. 
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Chapter 2 Literature review 
 
2.1 Background 
Langevin transducers predominantly employ a single mode of vibration of the structural 
geometry to amplify the vibration generated in the piezoelectric element(s). The mode of 
vibration is selected based on the required application and the front and back masses are 
modified to obtain the resonance length of the selected mode. Although transducers can 
employ longitudinal (L), torsional (T) or flexural (F) modes of vibration, the L mode is 
used most often due to its simplicity in design and excitation, as well as, its high efficiency 
in converting electrical energy to mechanical energy [17, 20, 22, 23]. It is also possible to 
combine these modes of vibration to produce a new shape of motion. The possible 
combinations are longitudinal-torsional (LT), longitudinal flexural (LF) and torsional-
flexural (TF) mode of vibration, which have proven to be useful in many modern 
ultrasonic applications [14]. 
 
2.2 Introduction to LT mode of vibration 
Longitudinal-torsional (LT) vibration is utilised in many industrial applications to enhance 
performance. Applications such as ultrasonic cutting, ultrasonic drilling, ultrasonic welding 
and ultrasonic motors can benefit from this combination of vibrational motion. It is found 
that by combining torsional (T) vibration and longitudinal (L) vibration in the process of 
cutting glass, the required torque can be reduced by about 40-50%. Also, the introduction 
of T motion into L vibration in ultrasonic drilling can greatly improve the drilling process. 
Also, it is reported that the elliptical motion, which is obtained through this vibrational 
coupling, can increase the torque in ultrasonic motors and enhance the strength and 
uniformity of bonding in ultrasonic welding [15-17, 24]. 
Up until the middle of the 20
th
 century, ultrasonic systems using LT vibration were 
proposed and studied, but were not widely used. In 1965 Rozenberg concluded that the 
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main reason for this was the lack of at least an approximate method to model such systems. 
Experimental modelling, based on a trial and error method, was the only approach used to 
optimise LT systems. Although this approach was complex, and it involved the fabrication 
of a large number of samples, it was the only acceptable approach. This was due to the fact 
that it provided a means for finding the best LT systems for practical applications and it 
produced a set of data which could be used to develop a procedure for modelling LT 
systems [17]. 
Over the last two decades, there has been enhanced interest in LT vibration for applications 
to ultrasonic welding, ultrasonic motors and ultrasonic drilling. Publications from 
researchers, such as Tsujino [25-31] and Shuyu [20, 32-34], have been focused on 
improvements to LT systems by simplifying the excitation methods, developing analytical 
representations and improving their response. The analytical approaches are developed 
based on the wave equation in elastic solids, and on equivalent circuit approaches, to 
calculate the design parameters of these systems. Other researchers employed advanced 
numerical methods to simulate and analyse LT systems [15, 16, 35, 36]. Many patents are 
filed which aim to improve the performance and the capability of different medical and 
dental applications through the introduction of LT vibration. Applications such as 
ultrasonic tissue dissection and ultrasonic scalpel/coagulation devices are reported [18, 19, 
21, 37]. 
 In the following sections, the methods of producing LT vibration in ultrasonic applications 
are presented. Then ultrasonic applications which can benefit from this combination of 
motion are reviewed. Finally, the modelling approaches which are used to study LT 
vibration are presented with details about their advantages and limitations.  
2.3 Producing of LT vibration 
Different approaches are used to produce LT vibration in ultrasonic systems. The first 
approach is based on the degeneration of L vibration into LT motion through geometrical 
modifications of the wave path. The earliest proposed vibrational system using this 
approach was in 1959 by Sirotyuk. This was investigated for industrial applications by 
Rozenburg in 1969. In this system, the second stage of a stepped horn is marked with 
gradually deepening grooves.  These grooves form a helix, with a smoothly diminishing 
pitch, so that they emerge at small angles at the tip of the horn stem relative to the output 
face. This type of non-uniform cross-section causes initiation of torsional vibration 
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components when the horn is excited by L vibration through a transducer. The frequency 
characteristic of the system (the transducer and the horn) is displayed in Figure ‎2-1. This 
shows that it has two close resonance frequencies for L and T modes of vibration. 
Therefore, in order to produce the LT vibration, the system is excited at a frequency within 
the range between the resonance frequencies of these modes. 
 
 
Figure ‎2-1 A longitudinal-torsional stepped waveguide (left) and its oscillation amplitude 
(referred as 2ξ) in micrometres as a function of frequency in kilocycles per second (right) 
[17]. 
Another type of LT stepped horn was designed by using an ordinary drill bit as the second 
stage. This does not feature a smooth variation in the pitch of the helical grooves. This is 
excited at a frequency near to the L and T resonance frequencies, and it produced a high 
torsionality of 156%, but had a low response which was insufficient for ultrasonic 
applications. Different sizes of these two types of horn were fabricated and investigated for 
output torsionality. The results showed that the torsionality depended mainly upon the 
slope of the grooves, relative to the axis of the horn, and on the depth of these grooves. It 
was found that the torsionality increases with increasing depth of groove and reduction of 
the slope within certain limits [17]. 
Another method of creating LT vibration in uniform horns was proposed by Mitskevich in 
1969 and used by Kellsatel in 1981. Once again, the degeneration was obtained by the 
creation of a non-uniform cross-section along the length of a uniform bar, and then by 
twisting the bar along its lengthwise axis. The non-uniform cross-section can be created by 
placing a number of grooves along the bar, which is then physically twisted to spiral these 
grooves. It can also be made by twisting a bar of rectangular cross-section about its axis to 
produce a spiral wave path. The twisted bar is then mechanically connected at one end to a 
transducer which produces L motion, so as to produce a combination of LT vibration at the 
output end [18]. 
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The degeneration approach was significantly improved by Tsujino, through the 
introduction of a specific component (converter) along a longitudinally excited waveguide. 
The convertor is originally incorporated at the L node, and it is divided into two regions. 
The first region is dominated by the L wave and represents the solid core of the convertor, 
this permits part of the excited L vibration to pass unchanged to the output surface of the 
waveguide. The second region is concentric to the solid core, but contains helical slits. 
This means that the remainder of the excited vibration must follow a spiral path and thus 
takes on a torsional aspect. The two parts of the wave are then recombined close to the 
output surface to generate the desired LT motion [25, 28, 38].  
In general, the degeneration approach can be applied readily and requires only a single 
generator. It also has good design and fixture features and can obtain resonance stability 
over different boundary conditions. However, it also produces low torsionality and there is 
a possibility of unwanted coupling between the desired and the surrounding modes of 
vibration. This is partially because the slitted section reduces the flexural stiffness of the 
horn [39, 40] . 
Attempts have been made to combine rotational motion with longitudinal vibration in 
cutting tips of surgical devices. These attempts used electric motors to provide the rotation 
to the tip. However, this requires a complex arrangement for attaching and securing the 
motors [18, 21].  
The second approach is based on coupling L and T modes of vibration through the use of 
two sets of piezoelectric components, with different polarisation directions, in a sandwich 
transducer model. The first set is poled in the thickness direction to generate the L 
vibration whilst the second set is poled in the tangential direction to generate the T 
vibration. These sets are excited by two separate ultrasonic generators which give the 
possibility of controlling each response separately. This is considered as an advantage for 
many ultrasonic applications, which require different amplitudes of response during the 
operating process. However it presents a complexity in the excitation of these sets of 
piezoelectrics [18]. 
The excitation method is simplified by Shuyu’s work in 1996 where he derived a 
relationship between the eigenvalues and the decay coefficient of an exponential horn. This 
is used to adjust the resonance frequencies of the L and T modes. The exponential horn is 
used as a front mass in a sandwich transducer and the decay coefficient is selected such 
that the L and T modes of the whole transducer resonate at the same frequency. Therefore 
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only one ultrasonic generator is required to excite both sets of piezoelectric components 
[20]. 
This approach can produce high torsionality at the output surface of the transducer. 
However it requires the use of an expensive type of piezoelectric component, which is 
polarised in the tangential direction. This type of piezoelectric component has a much 
lower coupling coefficient between electrical and mechanical energy in comparison to the 
longitudinally poled components, this is because the polarisation is along the 
circumferential where large sectors of the component are difficult to polarise [32]. 
Therefore the overall transducer efficiency will decrease. Also, the transducer needs to be 
secured to the housing by clamping it at the minimum vibration response location (nodal 
plane) but this coupling method produces two nodal planes (for L and T modes). Therefore 
it is difficult to create a clamping configuration that does not influence the vibration 
response. Finally, the resonance condition of these modes will be modified due to the 
change in boundary conditions [41]. 
An alternative method that can be used to excite the exponential waveguide is to use more 
than one L mode transducer. The first transducer is attached to the large end of the 
waveguide causing it to vibrate in the L direction, whereas the other L transducers are 
attached to the sides of the waveguide so that a T mode can be obtained by modulating the 
excitation of these transducers. If the exponential waveguide has the same resonance 
frequency for L and T vibrations, then these transducers can be excited by one generator. 
However the geometry of such system is usually quite large and complex resulting in low 
output of T vibration [18]. 
2.4 Application of LT vibration 
It has been shown that the idea of exploiting LT vibration in industrial applications dates 
back to 1969 when Rozenburg studied the application of LT systems of vibration in cutting 
and welding processes. However, the construction of these systems proved rather 
complicated. Later, developments in the design of sandwich piezoelectric transducers have 
allowed for a wide exploration of this combination in different applications. Applications 
such as ultrasonic cutting, welding, motors and drilling have attracted more attention [2]. 
In some applications, LT systems need to be small, uniaxial, light weight and relatively 
low power for special purposes such as in medical applications. Additionally, there is also 
a need for relatively large systems with high ultrasonic power for industrial applications 
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such as ultrasonic welding, and some medical applications, such as ultrasonic bone cutting 
[19]. 
2.4.1 Ultrasonic welding 
Ultrasonic vibrations are used effectively for welding processes where no adhesive or 
solder are required. The conventional ultrasonic welding system of L vibration normal to 
the welding surface is traditionally used when the vibration stress induced in the welding 
specimen is in one dimension. However, it is found that the use of combined vibrations, 
such as LT vibration, will induce two dimensional vibration stresses which improve the 
welding characteristics. This improvement descends from the temperature rise due to two 
dimensional combined vibrations. It is also found that the use of LT vibration in ultrasonic 
welding leads to an increase in the welding area and produces more uniform bonding over 
the traditional L method. Thick metal plate specimens can be welded continuously, with a 
uniform welding strength that is independent of welding positions and directions through 
the use of LT vibration systems [26, 42]. 
LT vibration systems are also used in ultrasonic plastic welding, packaging and wire 
bonding where the degeneration of L vibration through a convertor is mainly used to 
produce the desired LT vibration. Single and multiple slits in sections along the convertor 
are used in order to reduce the stresses and to improve the vibration characteristics [28, 
30]. 
2.4.2 Ultrasonic motors 
Ultrasonic motors are required to have high torque characteristics at small dimensions. 
Compared to a conventional electromagnetic motor, they have several distinctive features 
such as simple structure, low velocity, high efficiency and no electromagnetic noise. Also 
they have a quick response and good control characteristics at start and stop due to the low 
inertia of the moving pieces [38]. 
In general, the simple form of an ultrasonic motor consists of a rotor and stator(s) where a 
generated elliptical vibration on the stator(s) surface transfers through a friction force to 
the rotor and causes the rotation. A traveling wave ultrasonic motor uses bending travelling 
waves in a piezoelectric ring or disc to generate the elliptical vibration in the stator(s), as 
shown in Figure ‎2-2. This type is widely applied in auto-focusing lens systems in cameras. 
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However, this type of motor produces low torque output [27, 35]. Alternatively, the LT 
composite mode of vibration is used to produce a high torque output, this approach is 
employed in two different types of ultrasonic motors. The first type is called a hybrid 
piezoelectric motor which was first proposed in 1980. This type uses two piezoelectric 
transducers as stators; the first transducer is longitudinally operated to generate the L 
motion, whilst the other transducer is tangentially operated to generate the T motion, as 
shown in Figure ‎2-3. These motions superimpose on the rotor part through the frictional 
force between the contact surfaces. In order to match the resonance of the L and T 
vibrations, an additional mass is added to the stator(s) to influence the eigenfrequencies of 
these modes [43]. An alternative matching method uses a compression force, which is 
applied between the stator(s) and the rotor to change the resonance conditions of the L 
mode so that it coincides with the T mode of vibration [24, 35]. 
The second type of ultrasonic motor uses a LT vibration convertor which is driven by the 
longitudinal vibration transducer only. The convertor consists of a cylindrical structure 
with diagonal slits cut along its circumference which is adjusted to the nodal plane of L 
vibration mode. This type is used due to its simple design and high production of torque 
along with the simple excitation requirements [19, 27, 38]. 
 
 
  
 
Figure ‎2-2 Principles of traveling waves 
in an ultrasonic motor [44]. 
 Figure ‎2-3 Principles of longitudinal -
torsional ultrasonic motor [45]. 
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2.4.3 Ultrasonic rock drilling 
In general, drilling of rocks requires two stages: rupture of the material with a drill bit, and 
the removal of the produced cuttings (chips). The traditional technique of rotary drilling 
involves the breaking of rock, caused by the impact forces of the applied load and the shear 
forces of the bit rotation, whilst the chip removal can be done by fluids or via the helical 
augers of the drill bit in a dry drilling. Therefore, this technique requires large axial force 
and holding torques which may need a rigid platform. It also consumes high electrical 
power at the beginning of drilling along with the possibility of drill bit wear, which reduces 
the penetration rate and requires an increase in the applied load during drilling. These 
limitations prevent the use of this technique in some applications such as planetary drilling 
in which there has been a growing interest. Alternatively, the ultrasonic technique is 
considered to be a very promising technology for rock drilling and planetary sampling 
explorations. A generation of ultrasonic drills have been developed and successfully tested 
on a range of rocks [46]. 
Ultrasonic drills can be categorised into percussive (or free-mass) and LT drills. The 
simplest percussive drill consists of a L transducer, a tuned booster, a free-mass and a drill 
bit. The L vibrations excited by the transducer are amplified by the booster and transferred 
through impacts to the free-mass, which is placed between the booster tip and the bit base. 
Free-mass oscillations convert the ultrasonic energy into stress pulses which then 
propagate sonically to the bit/rock interface. The fracture of the rock occurs due to the high 
velocity of bit impacts on it, whilst the removal of cuttings is achieved through different 
methods such as fluid, pneumatic and coring methods [15, 36]. 
Incorporation of the T motion to the L vibration by means of incorporated motors has 
shown to improve the cutting removal and the rate of the drill’s penetration. In the drilling 
of strong brittle materials, the rotary percussive drilling is more efficient in terms of 
required applied load and power consumption [47, 48]. However, the drilling system 
requires the integration of independent driving capacities for the drill and the motor(s). 
This leads to increases in the degree of complexity and the required power. Therefore, this 
is not preferable for planetary explorations. 
In LT drills, the coupling between modes is achieved by means of two discrete transducers 
or two sets of piezoelectric elements to provide the LT vibration. However, as mentioned 
in section 2.3, it is preferable to avoid the multiplicity of ultrasonic generators. The desired 
LT vibration can also be obtained through eigenmode coupling and mode degenerating 
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methods. The eigenmode coupling differs from the coupling between modes in that the 
coupling occurs due to geometric modifications of the resonator so that the L and T modes 
are resonant at the same (or, more accurately, close) frequencies. A ring of diagonal slots 
on the body of a step horn and a helical flute along the stem of the horn are used to 
investigate the effectiveness of the eigenmode coupling and the degeneration methods in 
ultrasonic step horns, respectively. The findings show that the eigenmode coupling method 
can produce higher torsionality, but it is not associated with high L output. Therefore, the 
mode degeneration method is more applicable for applications that require a strong LT 
motion [16, 49]. 
2.4.4 Ultrasonic dissection 
The ability to separate collagenous tissue, bone and other connective or supportive tissues 
using precise control, with very little heat generation, whilst avoiding damage to the 
surrounding tissues, are the main advantages of ultrasonic tissue dissections. The ultrasonic 
dissection is also safer than other methods because the energy is absorbed into the target 
tissue without transmission into neighbouring regions [19]. The first application of 
ultrasonic vibration in the separation of tissues was done by Balamuth in 1979. He 
presented a variety of surgical instruments equipped with vibration tips for different 
applications in the dissection of biological tissue. Later on, many devices and methods 
reported the difference in the use of L and flexural (F) vibration in dissection applications. 
However, all of these methods have not accomplished the objective of rapid and precise 
removal of tissues which are normally resistant to L or F vibration. Different 
configurations for introducing T motion into the L vibration of the dissection tips have 
been reported. These configurations showed a significant enhancement in the dissection of 
the resistant tissues. Configurations that make use of rotating motors, modification of the 
wave path by creating and twisting of grooves and combinations of L and T piezoelectric 
generators in the transducer are used successfully and showed high improvement in tissue 
dissection devices [18, 21, 37, 50]. 
2.4.5 Other applications 
Ultrasonic systems are also utilised to machine holes in ceramic materials, where the 
traditional method of laser, water jet and wire electrical discharge are inconvenient due to 
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their large and complex structures. The disadvantages of ultrasonic machining which 
included lower removal rates and lower machining accuracy are shown to be resolved by 
employing the LT vibration. Asami [51, 52] presented a simple and miniaturised LT 
system which consisted of a hollow stepped horn, with a diagonal slit convertor, that is 
mechanically connected to a L mode transducer so as to degenerate the L vibration into LT 
motion. The investigation showed that the LT vibration system can be used successfully to 
machine holes in brittle materials with high accuracy. 
2.5 Modelling of LT Ultrasonic vibration 
Up until the 1980s, the applicability of LT systems was limited due to the lack of an 
effective method to accurately predict the performance of such a system. Prior to that time, 
analytical and experimental treatments were involved in the analysis of ultrasonic horns. 
However, the analytical model was not suitable for the analysis of the combination of 
vibration behaviour in design of LT horns. The experimental method, which was used to 
select the optimum ultrasonic horn, runs into difficulty when it is applied for the LT design 
of horns. This is because it requires fabricating a large number of prototypes which have 
no use if they are not successful. Nevertheless, this method was the only acceptable 
method which provided a means of finding the best LT horn for practical applications. It 
also produces a set of data that could be used to develop a method for calculating LT 
systems [17]. 
Nowadays mathematical modelling, which includes analytical and numerical methods, is 
intensively used, along with the experimental modelling methods, to design, develop and 
test the performance of LT systems. Analytical methods, involve the use of the wave 
equation and the relationships that describe wave propagation within elastic mediums are 
used to obtain the analytical expressions. However, many systems possess complex 
functionality that makes it hard to track their behaviour by using these formulas. Numerical 
methods are used alternatively to simulate and analyse these systems. Each of these two 
methodologies comes with advantages and limitations which can be presented as follows: 
2.6 Analytical modelling method 
The analytical modelling method is a mathematical representation of the system, where its 
behaviour and changes can be described through a set of equations. In ultrasonics, the 
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wave equation is used to study the wave motion along the model. In the early 1940s the 
one-dimensional wave equation in elastic solid media was used extensively for the design 
and improvement of ultrasonic horns [53, 54]. However, it was found that the analytical 
solution of the wave equation in piezoelectric materials is difficult to derive through direct 
solution methods [55]. 
 In 1948, Mason demonstrated that in the one-dimensional analysis of piezoelectric 
materials, most of the difficulties in deriving the solutions could be overcome by 
borrowing ideas from electric network theory. Mason’s equivalent circuit method became 
widely used and other equivalent approaches are also derived based on similar principles. 
Several examples of the one-dimensional modelling of piezoelectric transducers can be 
found in the literature [56-60] . 
Multi-dimensional wave equations are also used in the modelling of piezoelectric 
materials. The first proposed two-dimensional model was suggested in 1985 by Hutchens 
[61]. However such models are usually expensive in terms of solution time and are also 
often unrealistic for modelling purposes if dynamic behaviour is to be considered. Most 
multi-dimensional models treat piezoelectric materials solely and are not conducive to 
multi-layer transducer modelling [62]. 
For the case of a LT transducer, Shuyu used the equivalent circuit approach to model the 
coupling between modes approach [34] and the degeneration of L mode approach [32] in a 
sandwich transducer. The solution is the superimposition of the one-dimensional wave 
equations for L and T vibrations where two branches of Mason’s equivalent circuit are 
used to solve the equations of wave motion for the LT models. 
An analytical modelling is normally inaccurate when compared with reality due to 
simplifications in the modelling. It is applicable for a system of relatively simple geometry, 
whereas there will be difficulties finding the solution for complex geometries. It also 
presents a difficulty when finding the solution for multiple materials, as well as complex 
loading and boundary conditions. The analytical model requires detailed knowledge of the 
system and the solution techniques. The analyst is usually responsible for determining the 
modelling parameters. Nevertheless, analytical models are inexpensive in terms of the 
required solving time and can provide an abstract description of the system. This modelling 
strategy can be used to explore different aspects of the system that may not be possible 
through other modelling methods. 
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2.7 Numerical modelling methods 
Numerical modelling methods, such as the finite element (FE) method, are also a 
mathematical method that uses a numerical time-stepping procedure to find an 
approximate solution for the equations that governing the system’s behaviour. The process 
of creating a numerical model based on FE consists of: idealising the system geometry, 
defining material properties and boundary conditions, discretising the system into a finite 
element model and then analysing based on the required results. Therefore, the accuracy of 
FE results depends heavily on the accuracy of performing these steps. 
The FE method was first applied to piezoelectric materials by several authors in the late 
1960s and early 1970s. Authors such as Allik and Hughes formulated FE models for three 
dimensional piezoelectric mediums [63]. This formulation was developed and 
computerised to analyse a complicated three-dimensional piezoelectric transducer in 1974 
[64]. In the following years, the FE method gained increasingly popularity for the 
modelling of piezoelectric systems. However, it was not widely used until 1986 when 
piezoelectric elements were included in a commercial finite element software package 
[65]. During that time, most piezoelectric FE analyses were either modal or time-harmonic. 
However, with the advent of computing and the development of various FE codes, it 
became possible to perform different types of analysis such as large scale transient analysis 
for piezoelectric systems. 
Numerical solutions have several advantages over analytical solutions. Firstly, the 
equations are more intuitive and the basic procedures are the same regardless of the 
complexity of the system. Therefore more realistic models of greater complexity can be 
investigated. The main drawback of numerical methods is their expensiveness in terms of 
time consumption and computing requirements. Other disadvantages such as 
overestimation of parameters and difficulties in representing some aspects, such as 
nonlinearities and losses, can be minimised through modelling assumptions. 
2.8 Conclusions 
LT vibration systems have been used in ultrasonic applications since the late 1950s and the 
early 1960s. Then, due to the lack of an effective method to predict the system behaviour, 
and the difficulties associated with experimental methods, their improvement has been 
limited. Two decades later, the developments of numerical methods and measurement 
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techniques have significantly helped to create different LT systems. Many studies are 
published based on a combination of FE predictions and experimental validation. 
Furthermore, an analytical method, which is based on the equivalent electrical circuit 
method, was developed early in the 1990s to predict the electromechanical parameters of 
LT systems that could not be accurately predicted by FE models. However, the literature 
does not offer an adequate methodology to combine FE and analytical models in order to 
cover most design parameters prior to fabrication. This methodology can help to avoid the 
high possibility of mismatch between the predicted behaviour and the measured behaviour 
when only one type of mathematical model is used. FE and analytical methods use 
different calculation approaches, so it is possible to validate some of the findings prior to 
fabrication. 
In terms of generating LT vibration, it is found that the literature studies used either 
degeneration or coupling between modes in their approach to produce this vibration in 
ultrasonic systems. However, the limitations of these approaches were the main reasons 
that many of these studies have not been implemented on a sufficient scale. The current 
study aims to focus equally on the advantages and limitations of these methods. By 
combining the advantages of these approaches it is found that many of the limitations can 
be removed. Furthermore, this study also aims to develop a generalised approach for the 
design of LT systems that can fit a wide range of ultrasonic applications. 
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Chapter 3 Transducer design and numerical modelling 
 
3.1. Introduction 
The demands on piezoelectric transducers have increased significantly over the past few 
decades as different ultrasonic applications have been introduced or developed. These 
include ultrasonic cutting, ultrasonic welding and ultrasonic drilling. The design of 
ultrasonic transducers can be described as the process of finding the optimal design 
variables. These include the variables that determine the material and dimensions of the 
mechanical (acoustical) and piezoelectric elements, which minimise or maximise a certain 
number of objectives such as the input power and the output amplitude. These objectives 
are also subject to specific requirements such as resonance frequency, limitation of input 
voltage, applied pre-stress and geometric constraints [13]. 
Transducers were originally designed through the use of one-dimensional analytical 
models and experimental prototypes [66]. Analytical models simplify the transducer by 
using the solution of the wave equation to calculate the geometric dimensions. The 
principle of wave propagation through different media is used to select the appropriate 
materials for transducer parts. Experimental prototypes employ a trial and error method to 
characterise and validate the analytical model. However, these approaches have the 
following disadvantages: 
1- The solution of the wave equation in the analytical model is complex and sometimes 
requires unrealistic assumptions. 
2- The experimental approach is expensive in terms of the number of fabricated prototypes 
and the required time and equipment for the test. 
3- The experimental approach is not a reproducible process. 
4- The overall characteristics of piezoelectric transducers are affected by various factors. 
These include the lateral dimensions of the front and back masses, the inherent properties 
of piezoelectric materials, and the electrical and mechanical boundary conditions, which 
may not be considered in the initial model. 
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Numerical analysis based on the finite element (FE) method was first introduced for the 
modelling of piezoelectric materials using three-dimensional (3D) wave equation in 1970 
[67]. FE uses a process of numerical analysis that breaks a system into discrete elements in 
order to solve or simulate the problem. It aims to obtain an approximate solution or 
estimation for different problems. The use of FE in analysis, design and product refinement 
has developed in parallel with advances in computing power where many FE codes have 
been developed to provide accurate results for complicated problems.  
FE analysis of a system is classified as an approximate solution technique because it 
considers perfect parameters of material properties and boundary conditions. In reality 
these parameters contain flaws or imperfections. However, the level of inaccuracy within 
the approximation can be minimised by considering parameters that simulate the real 
system. FE requires large amounts of computation memory and time, especially for the 
analysis of high frequency three-dimensional problems, however the development in 
computer processing makes these requirements achievable [68].  
In this chapter, the principles of Langevin transducer design, which uses an exponential 
horn as the front mass, are presented. Initially, the basic concepts of ultrasonic power 
transducer devices are reviewed. Next, the optimisation parameters of the intended design 
are described. Then the numerical modelling steps and the solution techniques are 
presented. Finally, some of the results are discussed and the preferred design is selected. 
3.2. Design parameters of power ultrasonic transducers 
Ultrasonic transducers are used to transfer high frequency electrical energy into high 
frequency mechanical vibration. Normally, power ultrasonic transducers are designed to 
operate in a frequency range between 20-100kHz to obtain higher output intensities. 
The design parameters of piezoelectric transducers are different depending on the 
application. However, there are some common parameters that are shared between most 
applications. These parameters, along with the special requirements of the proposed 
design, are now summarised. 
3.2.1. Driving frequency and wavelength 
The driving frequency is selected based on the requirements of the application. Most 
ultrasonic transducers are designed to be driven at a resonance frequency   so as to 
maximise vibration amplitudes. In the case of longitudinal mode transducers it is common 
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to use the resonance frequency of the first longitudinal vibration mode (the fundamental 
mode) where the highest amplitude can be obtained. 
When designing ultrasonic resonators, the resonance frequency is used to calculate the 
wavelength   as follows: 
  
 
 
 ‎3.1 
where   is the wave velocity of longitudinal vibration which depends on the acoustic 
properties of the resonator. For a resonator of uniform cross section that is composed of 
homogeneous material, the wave velocity is found by: 
  √
 
 
 ‎3.2 
where   and   are the Young’s modulus of elasticity and the density of the resonator 
material, respectively. However, for a non-uniform cross-sectional resonator, such as an 
exponential resonator, the wavelength can be calculated by [69, 70]: 
  
 
   
√             ‎3.3 
where   is the ratio of the small end to the large end radius. 
The wavelength is used to calculate the length of the resonator. In general, this can be 
equal to a quarter wavelength, half a wavelength or one wavelength. However, the half 
wavelength resonators are the most used in ultrasonic applications. 
The ultrasonic transducer is a combination of different parts; and therefore different 
materials. The above equations cannot be applied directly to calculate the overall length. 
Instead, the transducer model is divided into sections, where these equations can be applied 
to each section individually. 
Similar to ultrasonic resonators, most ultrasonic transducers are designed with the half 
wavelength pattern. This has the advantage that it is easily combinable with other half 
wavelength parts such as boosters, horns and tools. This advantage is necessary to form the 
whole ultrasonic system without changing the eigenshape of each part, as shown in 
Figure  3-1. Another advantage of half wavelength synthesis is that, in the ideal case, there 
is no force acting at the interfaces between the individual parts. Therefore, the boundary 
conditions of each part in the whole synthesised system are the same as those of each 
separate part, free at both ends. Each part can then be initially developed according to the 
specified resonance frequency and then these parts are synthesised to produce the whole 
system [13]. 
CHAPTER 3 TRANSDUCER DESIGN AND NUMERICAL MODELLING                                        29 
 
 
Figure ‎3-1 The principle of half wavelength synthesis [13].  
3.2.2. Selection of piezoelectric components 
Piezoelectric materials are categorised according to their chemical composition and the 
specific application conditions. For the effective design of a power ultrasonic transducer, 
the following criteria are required [71]: 
1- The piezoelectric material can withstand a high electric driving voltage and mechanical 
loads. 
2- It has low dielectric loss at high driving level and high permittivity. 
3- It requires a high mechanical quality factor and high Curie temperature. 
4- It has high coupling coefficient between the electrical and mechanical energy and stable 
properties (low dependency on time and temperature). 
The dimensions of the piezoelectric components are selected based on the output acoustic 
power required, the operating mode of vibration and the type of transducer model. In the 
case of longitudinal mode power transducers, the thickness of piezoelectric components is 
normally less than one-tenth of the wavelength. This thickness limit is used to retain 
reasonably high coupling between electrical and mechanical energy and to improve the 
power handling capacity [59]. The displacement of each element is very small, therefore 
several components are connected mechanically in series so that the displacement of the 
whole stack assembly is equal to the summation of the individual displacements [11]. 
However, increasing the number of elements in the stack leads to an increase in the 
mechanical losses due to an increase in the size of the boundaries between these 
components. The lateral dimensions of the components are normally less than a quarter of 
wavelength to avoid coupling between the longitudinal and lateral modes. Also this 
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prevents the possible excitation of unwanted modes. The geometrical shape of the 
component is selected based on the geometry of the proposed transducer design and the 
method of applying pre-stress on the piezoelectric components. For a Langevin transducer, 
with a central pre-stressed bolt, a ring shape component is usually selected [72]. 
3.2.3. Selection of metal parts 
The Langevin ultrasonic transducer has two types of materials: piezoelectric material, 
which represents the vibrational generator, and the metal material, which represent the 
vibrational transmitter. For effective transmission of acoustic energy between these 
materials, and to avoid the internal reflection of stress waves, the acoustic properties 
should be matched. The following equation can be used to satisfy this condition [72]: 
   √      ‎3.4 
where   ,    and    are the acoustical impedances of the piezoelectric materials and  the 
front and back masses, respectively. These impedances are calculated by multiplying the 
characteristic acoustical impedance    by the cross-sectional area of the transducer’s parts. 
The characteristic acoustical impedance is a material property produced by multiplying the 
material density   by the wave velocity  .  
Another condition for effective use of the acoustic energy is to guide most of generated 
vibration in the piezoelectric material towards the front mass rather than the back mass 
where the energy is not required and therefore represents an energy loss. In a longitudinal 
mode transducer, the acoustical energy that is generated in the piezoelectric material 
transmits to both front and back masses. Therefore, in order to minimise the energy loss, 
the back mass should have higher acoustical impedance than the front mass, so that most of 
the energy will be guided toward the front mass. A list of recommended materials for 
ultrasonic applications which can satisfy these two conditions is shown in Table  3-1. The 
wave velocity and the characteristic acoustical impedance are presented for each material. 
The fatigue strength is another important parameter that should be considered in the 
selection of the metal parts. These parts will be subjected to very high cyclic loading and 
this can initiate cracks and fatigue failure. Therefore high fatigue strength is essential. 
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Table ‎3-1 Properties of the recommended materials[73].  
No. Material 
Wave velocity 
(m/s) 
Characteristic acoustical 
impedance (N.s/m
3
) 
1 
Grade 5 Titanium 
alloy (Ti-6Al-4V) 
4900 39.2 𝗑106  
2 
Aluminium alloy 
(AlCuMGPb 2011) 
5000 14.25 𝗑106 
3 
Aluminium alloy 
(AlCuMg2 2024) 
5100 14.28 𝗑106 
4 Tool Steel 5250 41.2 𝗑106 
3.2.4. Transducer securing feature 
Ultrasonic transducers should be secured into housing for safe operation and easy 
adaptation to different arrangements of ultrasonic systems. For the Langevin transducer, 
the securing feature is normally a flange adapted from the main parts of the transducer. As 
the vibrational amplitude varies along the transducer, it is important to secure it at a 
position where it will have the minimum influence on vibrational amplitude. The nodal 
plane, which is the plane of zero vibrational amplitude, represents the best selection as a 
securing location. For a traditional symmetrical transducer, the nodal plane is located at the 
middle of the piezoelectric components. This presents a number of difficulties as a location 
for the securing feature. This is because the piezoelectric materials are composite materials 
which have low machinability. Also the maximum stress occurs at the nodal plane and this 
can lead to increase in temperature which can lead to destruction of the piezoelectric 
component. It is also important to ensure that the location of securing feature does not 
change the boundary conditions for the design of the transducer. Therefore, in the current 
modelling, the length of the back mass is modified such that the nodal plane can be shifted 
from the piezoceramic section to the front mass. 
3.3.   Performance criteria  
The optimisation of transducer design is based on performance criteria which are, like the 
design parameters, a combination of specific application criteria and general ultrasonic 
transducer design criteria. For the proposed design, the following criteria are used: 
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3.3.1. Frequency separation between vibrational modes 
The proposed transducer should have sufficient frequency separation between the 
operating frequency and all other undesired resonances. Otherwise, the supplied power 
may accidently jump to a secondary resonance; especially during the transient starting 
conditions or under highly loaded conditions. Such a jump could cause poor or erratic 
performance and could overstress the transducer. Poor frequency separation may also 
cause non-uniform or asymmetric transducer vibration amplitudes, which may lead to early 
transducer failure. Frequency separation between modes can be estimated by modal 
analysis where the resonance frequencies of the desired vibrational mode and the nearest 
(surrounding) modes are determined. It is generally considered that the ratio of the 
frequency difference between the desired mode and the neighbouring mode to the 
frequency of the desired mode should not be less than 10%. However, during operation the 
frequency separation of neighbouring modes is effected by other parameters such as device 
loading and temperature changes due to self-heating of the piezoceramic material and 
heating of the working ultrasonic tool. 
3.3.2. Torsionality 
Torsionality is defined as the ratio of torsional to longitudinal response at the output 
surface of the transducer. The proposed design is intended to produce high torsionality 
through the conversion of generated L vibration into a combination of L and T vibration at 
the output surface. It is also important to ensure that it maintains constant torsionality over 
a wide range of excitations for different boundary conditions (free and loaded). The 
required torsionality can vary depending on the application. In ultrasonic drilling, for 
example, a torsionality of 1, where the torsional response is equal to the longitudinal 
response, is desirable. 
3.3.3. Characteristic frequencies 
Piezoelectric transducers are a combination of electrical and mechanical parts. 
Subsequently there are three pairs of characteristic frequencies. The first pair is series    
and parallel    frequencies at which the infinite and zero electrical admittance of a lossless 
transducer model will occur, respectively. The second pair is the frequencies    and    at 
which the electrical admittance becomes maximum and minimum, respectively. Finally, 
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the third pair is the resonance frequency    and the anti-resonance frequency    at which 
the phase angle between the input voltage and current is zero which is shown in Figure  3-2. 
In the initial modelling stages of ultrasonic transducers, these frequencies are 
approximately equal, this means          and           [13]. 
 
 
Figure ‎3-2 Variation of admittance magnitude and phase angle with frequency [13].  
3.3.4. Electrical input power                                                                                       
The input electrical power    to an ultrasonic transducer operating at resonance is 
calculated by: 
       ‎3.5 
where   and   are the AC input voltage and the current respectively. However, it is often 
not possible to drive a transducer exactly at resonance; this will show a capacitive or 
inductive behaviour. Therefore, the mean power (effective power)  ̂  equation is used and 
in the case of harmonic excitation, it is determined as: 
 ̂  
 
 
 ̂ ̂       ‎3.6 
where  ̂ and  ̂ are the mean values of the input voltage and the current respectively, and    
is the phase difference between the input voltage and current. 
3.3.5. Mechanical output power 
Through an analogy with the definition of electrical power, the harmonic vibration 
effective power  ̂  can be calculated by: 
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 ̂  
 
 
 ̂  ̂        ‎3.7 
where  ̂  and  ̂  are the mean values of the output force and the velocity respectively, and 
   is the phase difference between the output force and velocity. 
3.3.6. Coupling factor 
The electromechanical coupling factor     is an indicator of the efficiency of energy 
conversion in the piezoelectric component. The first subscript indicates the perpendicular 
direction to the electrical poles, whilst the second subscript denotes the direction along 
which the mechanical energy is developed. The value quoted in the piezoelectric supplier’s 
specifications is typically the maximum theoretical value. Although the highest value is 
usually desirable for the efficient design of a piezoelectric transducer, it does not represent 
the overall efficiency of the transducer, this is due to the fact that it does not consider the 
loss or the recovery of unconverted energy in the transducer [11, 74]. 
An accurate measurement for the efficiency of energy conversion in a piezoelectric 
component is called the effective coupling coefficient     . This is the ratio of useable 
energy that is delivered by the component to the total energy that it consumes. Although it 
is difficult to find the effective coupling coefficient based on this definition, it is possible 
to calculate it by using the characteristic frequency values as follows: 
    
  
  
    
 
   
 ‎3.8 
where    and    are the series and parallel resonances of transducer, respectively. For an 
optimum design, the ratio of the effective coupling coefficient      to the piezoelectric 
material coupling coefficient in the thickness mode     should be approached [12]. 
3.3.7. Mechanical quality factor 
The mechanical quality factor    is defined as the energy stored in the transducer to the 
energy supplied by the generator per cycle. It gives the rise of resonance amplitude where a 
higher quality factor corresponds to high transducer efficiency and large resonant 
amplitude. It can be used to calculate the mechanical loss factor       according to 
following relation: 
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 ‎3.9 
3.4. Design of a longitudinal-torsional transducer 
The longitudinal-torsional (LT) Langevin transducer, for power ultrasonic applications, 
consists of: an exponential front mass, a stack of piezoelectric components sandwich 
between metal electrodes, a hollow cylindrical back mass and a pre-stressed bolt.  The 
following steps are used to design such a transducer. 
The first step is to choose an initial value for the operating frequency  , in order to produce 
high amplitude and to minimise the effect of heat generation on the transducer’s 
performance. The initial value is chosen as 20kHz which represents, theoretically, the low 
ultrasonic threshold. 
The second step is to select materials for the transducer parts. There are different 
configurations of materials, which are selected based on the application, and the acoustic 
matching for electromechanical conversion. For power ultrasonic applications, several 
manufacturers supply Lead Titanate Zirconate (PZT) material with desirable properties 
[59]. The properties of PZT can be optimised to suit specific applications through the 
appropriate adjustment of the chemical composition at the fabrication stage. It is also a 
hard material which is chemically inert and completely insensitive to humidity or other 
atmospheric influences [11]. 
Two types of piezoceramic ring shape components, with different dimensions, are selected 
in the current work. The first type is Sonox P8 from CeramTec GmbH. This is 
characterised by its ability to withstand high electrical driving and intense mechanical load. 
It also offers low dielectric losses and has a high permittivity (between 900-1400) as well 
as high mechanical quality factor (between 500-2000) and a high Curie temperature [71]. 
The second type is PIC 181 from PI Piezotechnology. This modified PZT material is 
characterised by its extremely high mechanical quality factor and its high Curie 
temperature. It is specialised for high power applications, showing good stability over 
time, as well as high dielectricity and good elastic properties [75]. These two types are 
used to design different sizes of the proposed transducer. The geometric dimensions of the 
rings are listed in Table  3-2. 
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Table ‎3-2 Dimensions of piezoceramic components.  
 
Inner 
diameter 
(mm) 
Outer 
diameter 
(mm) 
Thickness 
(mm) 
Dielectric 
loss factor 
     
Relative 
permittivity 
   
 
  
⁄  
Mechanical 
quality 
factor 
   
Sonox P8 16 38 5 0.002 1000 1000 
PIC 181 5.2 12.7 1.5 0.003 1200 2000 
 
The elastic, piezoelectric and dielectric properties of piezoceramic materials are 
characterised by the fundamental constants which are obtained from a series of 
measurements on samples of various orientations [10]. According to the selected 
experimental technique, these samples are also subjected to many other considerations 
such as their size and shape. It is difficult to fulfil the criteria that are stipulated for these 
tests to be carried out successfully. Therefore, the manufacturer supplied data is considered 
in this work [71, 75]. 
For the metal parts, a grade 5 Titanium alloy (also known as Ti-6Al-4V or for simplicity 
Ti-6-4) is used for the exponential front mass and the pre-stressed bolt. This is because it 
has high tensile strength, high toughness even at extreme temperatures, light weight and 
good acoustic properties. Low carbon steel is used for the back mass due to its high density 
and therefore high characteristic acoustical impedance. Finally, a copper alloy C101 is 
used for the electrodes due to the high electrical conductivity. 
The elastic properties of the titanium alloy Ti-6-4 can be obtained from the literature with 
reasonable accuracy. However, there is wide range of data for steel. For example the 
Young’s modulus of low carbon steel can vary, depending on the composition and 
manufacturing process, between 68.9 - 213GPa [76]. If this range is used to define the 
elastic properties of the back mass material for the longitudinal transducer in the FE model, 
the resonance frequencies of the desired L mode and two surrounding modes, F and T, can 
considerably vary as shown in Figure  3-3. Therefore, it is important to obtain accurate 
values for the elastic properties of materials prior to the creation and analysis of the FE 
model. 
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Figure ‎3-3 Variation of resonance frequencies of longitudinal transducer with the modulus 
of elasticity of the back mass material.  
3.4.1. Experimental tensile test 
A tensile test is conducted by pulling a specimen, of a predefined geometry, along an axis 
until failure occurs in the specimen. The applied force and the extension displacement of 
the specimen are measured during the pulling process. The measured quantities are used to 
derive a stress-strain curve for the material, which is used to extract the modulus of 
elasticity (also called Young’s modulus of elasticity or tensile modulus). This modulus is a 
measure of the stiffness of a material in its elastic region and it is defined as the ratio of the 
uniaxial stress to the uniaxial strain. It is used in FE codes to characterise the elasticity of 
isotropic materials. 
There are several techniques that can be used to apply the pulling load and measure the 
extension of the specimen. These depend on the specimen type and the required accuracy 
of the results. In the current work, the tensile test set-up and the specimen geometry of a 
rounded dog bone shape are considered according to the BSI 10002-1standard [77]. The 
tensile test procedure is implemented by testing 4 specimens of each material (the titanium 
alloy and the low carbon steel) through the use of a computerised tensile test machine 
(Zwick Roell Z250) with an extensometer (Epsilon 3542), as is shown in Figure  3-4. The 
strain rate of the test is chosen according to the standard and the average value of the test 
results for each material is considered in the FE model in accordance with Table  3-3. 
The material properties of the transducer’s parts are shown in Table  3-4, where the density 
of the titanium alloy and the low carbon steel are extracted experimentally. The copper 
electrodes are normally thin sheet. Therefore their properties, and the Poisson’s ratios of all 
metal parts, are taken from reference [76]. 
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Figure ‎3-4 Tensile test specimen (left) and Tensile test setup (right).  
Table ‎3-3 Experimental results for the modulus of elasticity.  
No. 
  (low carbon steel) 
 GPa. 
Average 
value 
% error 
  (titanium alloy Ti-6-4) 
 GPa. 
Average 
value 
% error 
1 174.46 
179.18 
 
2.6 115.46 
110.40 
 
4.5 
2 171.29 4.4 107.56 2.5 
3 186.88 4.2 106.16 3.8 
4 184.09 2.7 112.43 1.8 
 
Table ‎3-4 Materials properties of the transducer parts.  
No. Part Material 
Young’s‎
modulus 
(GPa) 
Density 
(kg/m
3
) 
Poisson’s‎
ratio 
Wave 
velocity 
(m/s) 
1 Piezoelectric rings 
P8 73 7700 - 3080 
PIC 181 70.4 7800 - 3005 
2 Electrodes Copper C101 115 8900 0.31 3595 
3 Back mass Low carbon steel 179.18 7723 0.3 4816 
4 Front mass  Titanium alloy 
Ti-6-4   
110.40 4418 0.342 5027 
5 Pre-stressed bolt 
 
The third step is to calculate the dimensions of the different parts. The front mass is 
designed so that it is a quarter of the wavelength whilst the other quarter of the wavelength 
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consists of the back mass and the piezoceramic stack. The following relationship can be 
used to calculate their lengths [59, 72]: 
  
  
   (
     
  
)    (
     
  
)    ‎3.10 
where   ,   ,   ,     are the acoustical impedance and the wave velocity of the back mass 
and the piezoelectric components, respectively. The length of the back mass is    and the 
length of piezoelectric stack is   . Both of these are the unknown variables in this equation. 
Two P8 piezoceramic components are chosen for the initial design. Therefore, by using the 
dimensions in Table  3-2, the length of piezoceramic stack is 10mm. Equation ‎3.10 is then 
used to calculate the length of the back mass section. Finally the copper electrodes are 
chosen as 0.4mm thickness which is selected based on better conductivity and rigidity. 
The lateral dimensions of the back mass, the base of the front mass and the electrodes are 
equal to the lateral dimensions of the piezoceramic rings, which are given in Table  3-2.  
However, the back mass inner diameter is equal to the outer diameter of the pre-stressed 
bolt which is required to be less than the inner diameter of the piezoceramic ring. This is 
necessary to create a gap between the pre-stressed bolt and the piezoceramic stack so that 
an electrical insulator layer can be inserted to prevent an electrical short between 
electrodes. 
The front mass cross-section is shown in Figure  3-5. This consists of a base section, a 
middle exponential section and a front cylindrical section. The total length    is calculated 
as a quarter of the wavelength by using a combination of Equations 3.2 and  3.3. The base 
section       is an important securing feature for the transducer and its length is chosen as 
15mm. This section is also used to hold the transducer during the pre-stressing process. 
The front end        is used to allow for the attachment of other resonator parts to the 
transducer and the length is taken as 5mm. These dimensions are considered initially, 
based on the required tuned length, and then optimised by modal analysis for the location 
of nodal plane. The reduction in the radius of the exponential section    along the decay 
section is calculated as follows: 
      
    ‎3.11 
where    and   are the radius at the large end and the exponential decay coefficient, 
respectively. This coefficient can be calculated as: 
  
   
  
  
 
  
 ‎3.12 
where     is the radius of the small end of exponential section. 
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Finally the dimensions of the pre-stressed bolt are selected based on the empirical 
recommendations by MP Interconsulting (MPI). It is suggested that M12 is used for the 
current design [12, 72].  
 
 
 
Figure ‎3-5 Profile of the front mass.  
 
 
3.4.2. Addition of slots to the front mass 
In the proposed design, the conversion of generated L vibration into a combination of LT 
vibration occurs in the front mass through the addition of geometric slots. This technique is 
implemented by cutting and extruding (with axial rotation) a number of slots along the 
decay section of the front mass. The conversion efficiency mainly depends on the number, 
dimensions and twist angle of these slots. Three different profile cuts are suggested, these 
are rectangular, trapezoidal and quarter circle cuts, which will be presented in section 3.6. 
An optimisation study is performed to study the effect of their dimensions and twist angle 
on the performance of the LT transducer. The parameters for the optimisation are the 
torsionality, the frequency separation between modes, the ratio of the longitudinal response 
at the front and back faces, and the location of the nodal plane along the transducer model. 
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3.5. Numerical modelling of the LT transducer 
The calculated dimensions in section 3.4 are used to create the geometry for the initial 
design of a Langevin transducer using Abaqus/CAE v6.10-2, a commercial multi-
disciplinary FE code. This code is used throughout the work to simulate the vibrational 
behaviour of the transducer. It is also used to study the linear dynamic behaviour of the 
transducer through harmonic excitation analysis. 
The transducer parts are created and assembled as shown in Figure  3-6. The unslitted 
model is symmetric along the axial plane, so it would be possible to analyse it using a two-
dimensional (2D) model, which would significantly reduce the computation power 
required. The introduction of the required slots to the front mass will remove this 
symmetry, it is therefore required that the transducer is analysed using a three-dimensional 
(3D) model. The 3D model is also necessary for studying the torsional behaviour as it 
cannot be represented in a 2D model. 
The FE analysis of the transducer is a continuum problem in which all parts of the model 
are continuous at all points in space. The solution to such a continuum problem can be 
developed from the following general procedure steps: 
 
 
 
Figure ‎3-6 Initial model of the ultrasonic transducer.  
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3.5.1. Definition of material properties 
In FE codes, a set of material properties is defined by specifying the relevant data of each 
property into the material module provided by the code. Selecting material properties 
mainly depends on the type of analysis required whilst the property behaviour is selected 
based on the type of material. This may be linear or nonlinear, as well as, isotropic or 
anisotropic. Abaqus material library provides general categories for different material 
modules where the relevant data can easily be specified. These categories include general 
properties such as material density, and elastic mechanical properties, as well as, electrical 
properties such as piezoelectricity and dielectricity. 
When modelling a piezoceramic transducer, the required definition for materials can be 
classified into two types: metal and piezoelectric. 
3.5.2. Defining of metal materials 
For vibration and dynamic analysis, the properties required for metal parts are the 
mechanical elastic and the general mass properties. These properties are considered to be 
linear and isotropic, these are adequate assumptions for small elastic strain (normally less 
than 5%) [78].  
For the mechanical elastic property, the required data is: the Young’s modulus of elasticity, 
Poisson’s ratio and the material density for the general mass property. These properties are 
listed in Table  3-4. 
3.5.3. Defining of piezoceramic materials 
In general, the analysis of piezoelectric materials requires a complete consideration of the 
mechanical, electromechanical and electrical aspects of these materials. This can be 
obtained by defining the elasticity, the piezoelectricity and the dielectricity (or 
permittivity) properties, respectively. Additionally, the general mass properties are also 
required for vibration and dynamic analysis. 
As mentioned previously, the material property behaviour can be classified as isotropic or 
anisotropic. Isotropic behaviour assumes that the properties are directionally independent. 
For elastic properties, this means that the normal stresses produce normal strain whilst 
shear stresses produce shear strain only, as shown in Figure  3-7. In contrast, anisotropic 
properties are direction dependent. Therefore the normal stresses can produce both normal 
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and shear strain and the shear stresses also can produce normal and shear strain, as shown 
in Figure  3-8. There is another classification, named orthotropic behaviour, in which the 
material properties are dependent on three mutually perpendicular symmetry planes. Some 
engineering materials including certain piezoelectric materials, such as Rochelle salt,  are 
orthotropic materials [79]. Within the orthotropic classification, there is a special case in 
which the material properties behave as isotropic only in two directions. This case is called 
transverse isotropic and means that the material has isotropic properties in one plane and 
different or anisotropic properties in the direction normal to this plane [79]. Some 
piezoceramic materials, such as PZT-4 and barium titanate, are considered to be transverse 
isotropic, here the anisotropic axis is normally assigned as the direction of polarisation in 
these materials. 
 
 
 
 
Figure ‎3-7 Extension and shear deformation 
of isotropic material  
 Figure ‎3-8 Extension and shear deformation 
of anisotropic material [80]. 
 
The coupling between the electrical and mechanical parts of piezoelectric materials 
requires a mathematical form to relate to the relevant data from the material properties. 
These properties can be described by tensor notation. This is a mathematical framework for 
formulating and solving physical problems. A tensor is classified by its order (also called 
degree or rank), which represents the dimensionality of the array required to represent this 
tensor. For example a scalar quantity, such as density, is represented by a single number 
and is therefore considered to be a zero order tensor. A tensor is usually denoted by indices 
that can be subscript and superscript, after a symbolic variable. The number of indices 
gives the order of the tensor. For example, the elastic stiffness constant for piezoelectric 
materials is a fourth order tensor      , while the piezoelectric constant      is a third order 
tensor. For simplicity, it is possible to write this long notation from the tensor form into a 
compressed matrix array form in which the notation    or    is replaced by   or   
respectively. Notations such as         take the values 1,2,3, whilst the notation     take 
the values 1,2,3,4,5,6. This compressed form is normally used by manufacturers to provide 
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elastic and piezoelectric data. However, Abaqus requires that the data is written in the 
tensor form. Therefore, in order to convert these forms, tensor notation is introduced in the 
place of the compressed matrix notation according to Table  3-5 [10, 78]. 
When the tensor form is used, a rectangular system identifies the geometry through the 
subscripts: x, y, and z. This system is normally replaced by notation using 1, 2, and 3 
respectively. Also the shear components xy, xz, and yz are replaced by 4, 5 and 6 
respectively. Finally, the direction of positive polarisation is normally aligned with the z-
axis of the rectangular system (or direction 3) [74]. Then the anisotropic axis of the 
material properties behaviour will be consistent with the directions mentioned previously. 
 
Table ‎3-5 Conversion of matrix to tensor notation.  
  or      or    
1 11 
2 22 
3 33 
4 12 
5 13 
6 23 
 
3.5.3.1. Elasticity of piezoelectric material 
The material elastic property is defined by the modulus of elasticity     where the first 
subscript indicates the stress direction and the second subscript indicates the strain 
direction. It can also be defined by the elastic compliance    , which is the reciprocal of 
   . In this case, the first subscript indicates the strain direction while the second subscript 
indicates the stress direction. 
For piezoelectric materials, the modulus of elasticity    , or the elasticity compliance    , 
can be evaluated under a constant electrical displacement    
  or    
  respectively, where the 
superscript   indicates a constant electrical displacement (open circuit). They can also be 
evaluated at a constant electrical field as    
  or    
  respectively. Here the superscript   
indicates the constant electrical field (short circuit). The elastic modulus evaluated at short 
circuit conditions is less than it is value when evaluated under an open circuit conditions 
because the mechanical stress of the piezoelectric material produces an electrical response 
which opposes the resultant strain [74, 81]. 
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Abaqus considers the modulus of elasticity to be evaluated at a constant electrical field    
 . 
It is defined in the tensor form, which is referred to as      , rather than the simple form. A 
linear elastic model is provided by Abaqus to describe the stress-strain relationship. This is 
valid for small elastic strains as follows [78]: 
Where     and     are the total stress and total elastic strain, respectively, and       is the 
elastic stiffness parameter evaluated at a constant electrical field in the form of a fourth 
order elastic tensor. For a general orthotropic material, the elasticity tensor is given in a 
symmetric matrix form as follows: 
where       parameters are defined as follows [78]: 
 
For orthotropic materials, nine constants are required to be calculated prior to defining the 
elastic tensor matrix. These are the elastic moduli           , the Poisson’s ratios 
              and the shear moduli (              ). However, for transverse isotropic 
materials, where the mutual plane is considered to be in the z-direction, the following 
relations are considered to simplify the elastic matrix: 
             ‎3.13 
[ ]  
[
 
 
 
 
 
 
                  
             
        
       
               
     ]
 
 
 
 
 
 
 ‎3.14 
                    ‎3.15a 
                                      ‎3.15b 
                                      ‎3.15c 
                    ‎3.15d 
                                      ‎3.15e 
                    ‎3.15f 
          ‎3.15g 
          ‎3.15h 
          ‎3.15i 
  
 
                                 
 ‎3.15j 
      ‎3.16a 
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The manufacturers normally provide two elastic compliance parameters for a constant 
electrical field, these are    
  and    
  as well as the Poisson’s ratio    . Therefore the 
following relations and assumptions are used to calculate the required constants [9]: 
Therefore Equations ‎3.16a to 3.16c and ‎3.17a to 3.17g can be combined with 
equations ‎3.15a to 3.15j to calculate the stiffness parameters of the elastic tensor matrix in 
Equation ‎3.14. 
3.5.3.2. Piezoelectric properties of the piezoelectric material    
The piezoelectric property of the piezoelectric material defines the relationship between 
the mechanical deformation and the electrical field. There are three constants which are 
used to characterise the piezoelectric property for different applications. The first constant 
is a piezoelectric charge constant,    , which relates the mechanical strain to the electrical 
field. The first subscript of     indicates the direction of the applied electrical field while 
the second subscript indicates the direction of the induced strain. 
The second constant is also named a piezoelectric charge constant and is denoted by    . 
However, it relates the mechanical stress to the electrical field, where the first subscript of 
    indicates the direction of the applied electrical field and the second subscript indicates 
the direction of the induced stress. These two parameters are normally used as important 
indicators for actuator applications because the induced strain (or stress) in applying an 
        ‎3.16b 
            ‎3.16c 
   
 
   
  ‎3.17a 
   
 
   
  ‎3.17b 
   
    ‎3.17c 
          ‎3.17d 
        
  
  
 ‎3.17e 
        
  
  
 ‎3.17f 
    
 
     
     
  
 ‎3.17g 
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electrical field is the product of the electrical field value and this constant. Therefore they 
have a high influence on the current design. 
The third constant that is used to characterise the piezoelectricity, is the piezoelectric 
voltage constant    . This relates the electrical field to the mechanical stress. The first 
subscript of     indicates the direction of the applied mechanical stress and the second 
subscript indicates the direction of the generated electrical field. It is an important 
parameter to assess the suitability of material for sensing applications because the strength 
of the induced electrical field that is produced by a piezoelectric material in response to an 
applied physical stress is the product of the value of the applied stress and this parameter. 
Abaqus provides linear relations between the mechanical and electrical fields in a matrix as 
follows [78]: 
It is also possible to define the piezoelectric charge constant in stress form as: 
For a piezoelectric material poled in the thickness direction (the z-direction or 3-direction), 
matrices in Equations ‎3.18 and ‎3.19 are simplified to the following formats: 
Manufacturer data usually provides the charge constants in the strain form,    ,     and 
   . In order to find the constant values for the above equations, the conversions in Table 
‎3-5 are used along with the following relationships:          ,            ,       
   ,             and          . 
It is possible to find the configuration of the stress format [ ] through the configuration of 
the strain format [ ] by using the following expression [10]: 
[ ]  [
                              
                               
                              
] ‎3.18 
[ ]  [
                              
                               
                              
] ‎3.19 
[ ]  [
          
          
                  
] ‎3.20 
[ ]  [
          
          
                  
] ‎3.21 
[ ]  [ ][ ] ‎3.22 
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3.5.3.3. Permittivity of the piezoelectric material 
The piezoelectric permittivity, or dielectric constant, is the dielectric displacement per unit 
electric field. The dielectric constant can be evaluated at either a constant stress     
  or at a 
constant strain    
 . The first subscript indicates the direction of the dielectric displacement 
whilst the second subscript indicates the direction of the electric field. These constants are 
sometimes provided in the form of relative dielectric constants. The relative dielectric 
constant is the ratio of dielectric constant to the absolute dielectric constant    which is 
equal to            farad/metre. 
Abaqus defines the dielectric properties of piezoelectric materials in a matrix form of 
diagonal dielectric constants, evaluated at constant strain (fully constrained material), as 
follows:   
Manufacturer data is usually provided as    
  and    
  (or in the relative form), however, 
this assumes that for a piezoelectric material poled in the thickness direction:    
     
 . 
If permittivity data is given in a constant stress form [  ], then it is possible to convert 
them into the permittivity at a constant strain form [  ] through the following relationship 
[10, 82]: 
where [ ]  and [ ] are the transpose of the charge constants matrix in the stress form and 
the charge constants matrix in the strain form, respectively. 
A conversion data sheet is created in Excel to convert the manufacturer piezoelectric 
material data into Abaqus format as shown in Table  3-6 for Sonox P8 and Table  3-7 for 
PIC 181. In the case of orthotropic materials, the material orientation must be assigned. For 
piezoelectric materials, the poling direction is defined, and finally, each created material is 
attributed to the model through the section module. The section contains information about 
the properties of a part or the region of a part. 
 
 
 
 
 
[  ]  [
   
   
    
  
     
 
] ‎3.23 
[  ]  [  ]  [ ] [ ] ‎3.24 
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Table ‎3-6 Piezoelectric material data conversion sheet  for Sonox P8. 
 
 
 
1
I- input data s
E
11 1.14E-11  m
2
/N III- Output D
E
1111 9.54E+10
s
E
33 1.37E-11  m
2
/N D
E
1122 -7.73E+09
s
E
12 0.00E+00  m
2
/N D
E
1133 2.58E+10
υ13 0.30 D
E
2222 9.54E+10
υ12 0.00 D
E
2233 2.58E+10
υ23 0.30 D
E
3333 8.59E+10
D
E
1212 4.39E+10
II- Calculation E1 8.77E+10  N/m
2
D
E
1313 4.39E+10
E2 8.77E+10  N/m
2
D
E
2323 4.39E+10
E3 7.30E+10  N/m
2
Υ 1.18E+00
G12 4.39E+10  N/m
2
G13 4.39E+10  N/m
2
G23 4.39E+10  N/m
2
υ21 0.00
υ31 0.25
υ32 0.25
2 Piezoelectricity
I- input data d33 2.40E-10 C/N III- Output d1 11 0.00E+00 e1 11 0.00E+00
d31 -9.50E-11 C/N d1 22 0.00E+00 e1 22 0.00E+00
d15 3.80E-10 C/N d1 33 0.00E+00 e1 33 0.00E+00
d1 12 0.00E+00 e1 12 0.00E+00
II- Calculation d1 23 3.80E-10 C/N d1 13 0.00E+00 e1 13 0.00E+00
d2 13 3.80E-10 C/N d1 23 3.80E-10 e1 23 1.67E+01
d3 11 -9.50E-11 C/N d2 11 0.00E+00 e2 11 0.00E+00
d3 22 -9.50E-11 C/N d2 22 0.00E+00 e2 22 0.00E+00
d3 33 2.40E-10 C/N d2 33 0.00E+00 e2 33 0.00E+00
d2 12 0.00E+00 e2 12 0.00E+00
d2 13 3.80E-10 e2 13 1.67E+01
d2 23 0.00E+00 e2 23 0.00E+00
d3 11 -9.50E-11 e3 11 -2.15E+00
d3 22 -9.50E-11 e3 22 -2.15E+00
d3 33 2.40E-10 e3 33 1.57E+01
d3 12 0.00E+00 e3 12 0.00E+00
d3 13 0.00E+00 e3 13 0.00E+00
d3 23 0.00E+00 e3 23 0.00E+00
3 Dielectricity
I- input data ε
S
33/εo 5.40E+02 III- Output ε
S
11 7.08E-09
ε
S
11/εo 8.00E+02 ε
S
22 7.08E-09
εo 8.85E-12 F/m ε
S
33 4.78E-09
II- Calculation εS11 7.08E-09 F/m
εS22 7.08E-09 F/m C Coulomb
εS33 4.78E-09 F/m F Farads
[ε] (F/m)
[D] (N/m
2
)
Piezoceramic material data conversion sheet Sonox P8
[d] (C/N) [e] (C/N)
Elasticity
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Table ‎3-7 Piezoelectric material data conversion sheet  for PIC 181. 
 
 
1
I- input data s
E
11 1.18E-11  m
2
/N III- Output D
E
1111 9.22E+10
s
E
33 1.42E-11  m
2
/N D
E
1122 -7.45E+09
s
E
12 0.00E+00  m
2
/N D
E
1133 2.48E+10
υ13 0.30 D
E
2222 9.22E+10
υ12 0.00 D
E
2233 2.48E+10
υ23 0.30 D
E
3333 8.28E+10
D
E
1212 4.24E+10
II- Calculation E1 8.47E+10  N/m
2 D
E
1313 4.24E+10
E2 8.47E+10  N/m
2 D
E
2323 4.24E+10
E3 7.04E+10  N/m
2 Υ 1.18E+00
G12 4.24E+10  N/m
2
G13 4.24E+10  N/m
2
G23 4.24E+10  N/m
2
υ21 0.00
υ31 0.25
υ32 0.25
2 Piezoelectricity
I- input data d33 2.65E-10 C/N III- Output d1 11 0.00E+00 e1 11 0.00E+00
d31 -1.20E-10 C/N d1 22 0.00E+00 e1 22 0.00E+00
d15 4.75E-10 C/N d1 33 0.00E+00 e1 33 0.00E+00
d1 12 0.00E+00 e1 12 0.00E+00
II- Calculation d1 23 4.75E-10 C/N d1 13 0.00E+00 e1 13 0.00E+00
d2 13 4.75E-10 C/N d1 23 4.75E-10 e1 23 2.01E+01
d3 11 -1.20E-10 C/N d2 11 0.00E+00 e2 11 0.00E+00
d3 22 -1.20E-10 C/N d2 22 0.00E+00 e2 22 0.00E+00
d3 33 2.65E-10 C/N d2 33 0.00E+00 e2 33 0.00E+00
d2 12 0.00E+00 e2 12 0.00E+00
d2 13 4.75E-10 e2 13 2.01E+01
d2 23 0.00E+00 e2 23 0.00E+00
d3 11 -1.20E-10 e3 11 -3.59E+00
d3 22 -1.20E-10 e3 22 -3.59E+00
d3 33 2.65E-10 e3 33 1.60E+01
d3 12 0.00E+00 e3 12 0.00E+00
d3 13 0.00E+00 e3 13 0.00E+00
d3 23 0.00E+00 e3 23 0.00E+00
3 Dielectricity
I- input data ε
T
33/εo 1.20E+03 III- Output ε
S
11 1.28E-08
ε
T
11/εo 1.50E+03 ε
S
22 1.28E-08
εo 8.85E-12 F/m ε
S
33 6.38E-09
II- Calculation ε
S
11 1.28E-08 F/m
ε
S
22 1.28E-08 F/m C Coulomb
ε
S
33 6.38E-09 F/m F Farads
[d] (C/N) [e] (C/N)
[ε] (F/m)
Piezoceramic material data conversion sheet PIC 181
Elasticity [D] (N/m
2
)
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3.5.4. Discretisation of the domain 
The next step is to discretise (mesh) the domain or solution region into sub-regions 
(elements) which are connected at discrete points (nodes). A variety of elements options 
are provided by FE codes and the accuracy of the solution depends heavily on the type, 
shape and density of the elements in the domain. These three attributes depend on the type 
of problem, the geometry of the structure and the type of materials [78]. 
For linear stress analysis in Abaqus, the recommended element for accurate results is 
named (C3D20R) which is a continuum (solid) element in 3D (brick) form that has 20 
nodes, one at each vertex of the brick shape, and one in the middle of each edge between 
the vertex nodes. In order to minimise the computing time, the reduced integration option, 
where the number of interpolation points between nodes is reduced, is used [78]. 
The fundamental variables that are calculated during any analysis are called the degrees of 
freedom (dof). For stress analysis, the dof are the translations, however some element 
families, such as beam and shell families, have rotational dof as well. The translations are 
calculated in the x, y, and z directions at each node. These calculations are then obtained at 
any other point in the element by geometric interpolation. The order of the interpolation 
between nodes is determined by the number of nodes of the elements. Abaqus offers two 
geometric orders, first and second order. First order elements use linear interpolation to 
approximate the solution, whilst second order elements use quadratic interpolation. For 
modal behaviour investigations, quadratic elements should be used to ensure real mode 
shapes is predicted [68, 78].  
 For piezoceramic materials, the element named C3D20RE is provided by Abaqus. This 
element has similar characteristics and translation dof as the C3D20R along with an 
additional dof for electrical potential variable [78]. 
The hexahedral element shapes are used for almost all of the elements. However the 
introducing slots into the front mass produces a complex geometry that prevents elements 
forming the hexahedral shape. Therefore, a tetrahedral element shape is used for the slotted 
section as shown in Figure ‎3-9. 
During a finite element analysis, a dense mesh typically results in a more accurate solution. 
However, as the mesh is made finer, the computation time increases. Therefore a balance 
must be struck between accuracy of analysis and computing resources. A convergence test 
is conducted to ensure that a further refinement of the mesh size is not required to obtain 
convergence in the solution within a reasonable computing time. 
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Figure ‎3-9 Meshing technique for transducer model.  
 
3.5.5. Create analysis steps  
The step module is used in Abaqus to choose an analysis, specify output requests, specify 
adaptive meshing, and specify analysis control. Within a model, it is possible to define a 
sequence of more than one analysis step. The step sequence provides a convenient way to 
track changes in the loading and boundary conditions of the model, as well as, changes in 
the way that the parts of the model interact with each other. It can deal with the removal or 
addition of parts, and any other changes that may occur in the model during the course of 
the analysis. In Abaqus, analysis steps are classified into two categories: general steps, 
where the response is nonlinear, and linear perturbation steps, which provide the linear 
response of the system about a base state. The base state defines the state of the system at 
the end of previous nonlinear step. If a linear perturbation is the first step then the base 
state is considered to be the default initial step that is provided by Abaqus code [78]. 
3.5.6. Interaction between parts 
The Abaqus interaction module is used to define the contact conditions between the parts 
of the assembled model or between the model and its surroundings. The analysis code does 
not recognise any mechanical contact between the assemblies of parts unless that contact is 
specified in the interaction module. Mere physical proximity of two surfaces in the 
assembly is not enough to indicate any type of interaction. Abaqus provides two main 
algorithms to model mechanical contact interactions. These are a general contact algorithm 
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and a contact pair algorithm and can be used for 2D or 3D models. General contact defines 
all contacted surfaces in the model as one interaction module whilst the contact pair 
algorithm requires a definition for each contacted surface separately. This requires more 
parameters. Using the general contact algorithm, it is possible to have multiple contacts per 
node, this occurs when solid bodies meet at corners, as is shown in Figure ‎3-10. The 
contacts are between regions 1 and 2, and between 2 and 3, this requires that the corner 
points have two contact definitions. In addition, the general contact algorithm is usually 
faster than the contact pair algorithm. Finally, a penalty enforcement of contact constraint, 
with an automatically chosen stiffness, is used to prevent any penetration between surfaces. 
 
 
Figure ‎3-10 Multi contact nodes.  
 
Within these algorithms, three attributes are required to be defined. These are: contact 
properties, surface properties and contact formulation. The contact properties define the 
normal and shearing contact parameters, whilst the surface properties are used to change 
the contact thickness. This can be different from the original parent element thickness. 
Finally, the contact formulation is used to specify contact discretisation, tracking approach 
and assignment of master and slave roles to the contact surfaces. 
In the current analysis, the pair contact algorithm is used to define the frictionless sliding 
between the bolt body and the hollow cylinder of the back mass and is also used to define 
the tie contact between the bolt shank and the front mass. All other contacted surfaces are 
modelled with the general contact algorithm. A surface to surface formulation is used in 
these algorithms as opposed to a node to surface formulation. This may lead to 
1 
3 
2 
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discontinuity problems, so some surfaces may not appear as opposed to a surface as they 
should when contact occurs. The contact properties of normal behaviour are used for all of 
the contacted surfaces in both algorithms. An additional frictionless tangential behaviour is 
used between the bolt and the back mass, whilst friction penalty behaviour is chosen for all 
other surfaces to prevent unrealistic vibration patterns. 
3.5.7. Imposing boundary conditions 
Boundary conditions (BC) specify the values of all the basic variables at nodes. These may 
include the displacement and electrical potentials. In the current model, they are used to 
constrain the electrical potential dof of the piezoceramic components so as to remove the 
numerical singularities arising from the dielectric part of the element operator [78]. 
It should be noted that applying the BC on both sides of each piezoceramic component will 
produce a series electrical connection that gives the resonance frequency of the transducer. 
However, it is also possible to apply an electrical BC on one side of each component to 
produce a parallel electrical connection which, in turn, gives the anti-resonance frequency 
[83].    
3.5.8. Preloading the transducer 
Langevin transducers employ a central bolt to apply a static bias compressive load on the 
piezoceramic stack components. This is important to ensure that the stack remains in 
compression during operation because the piezoceramic is inherently weak in tension. The 
preload bias causes a frequency shift of the resonance and anti-resonance values. 
Therefore, for accurate analysis, it is recommended to include this influence. In the static 
state, the tension force on the pre-stressed bolt is equal to the compression force on the 
piezoceramic components. Therefore the following relationship can be used: 
where    and    are the axial stress in the piezoceramic and the bolt, respectively.    and 
   are the cross-sectional area of the bolt and the piezoceramic rings, respectively. The 
recommended value for the pre-stress of piezoceramic materials is 20-30MPa. Therefore 
the stress and required tensile force for the bolt is calculated by inserting the dimensions of 
the piezoceramic ring and the bolt in Equation ‎3.25. A general step is created prior to the 
  
  
 
  
  
 ‎3.25 
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frequency step in order to apply the prestress. The bolt load module is used to apply the 
calculated force as shown in Figure ‎3-11. 
The prestress affects the elasticity, piezoelectricity and the permittivity of the piezoceramic 
material. Abaqus, however, only simulates the effect on the elasticity. The load stiffness is 
considered in the frequency step analysis. The frequency shift due to the application of 
different loads is shown in Figure ‎3-12. However, this small change in resonance 
frequency does not represent the overall actual frequency shift because it does not 
considered the change in the piezoelectric material properties (such as the charge constant 
   ) which results in a larger frequency shift. 
 
 
Figure ‎3-11 Preloading the bolt.  Figure ‎3-12 Resonance frequency 
reduction for different pre-stress bias.  
3.5.9. Solving the system’s equations 
A system of matrix equations is obtained to solve for the unknown nodal values of the 
domain. The system equations for modal and dynamic analysis are generally given in the 
following form: 
[ ]   { 
  }    [ ]   { }    { }    ‎3.26 
where [ ] and [ ] are the inertia and stiffness matrices, {   } and { } are the acceleration 
and displacement vectors of unknown field variables and { } is the load vector. The 
system of these matrices can be linear or non-linear. In the case of a non-linear system, a 
linearization procedure is applied to transform the system into a series of linear equations 
to apply ordinary solution techniques. 
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3.5.10. Post processing the solution 
The post-processing module is used to extract the solution data and to obtain additional 
variables, such as stress and strain in mechanical problems, from the solution calculations. 
 
3.6. Frequency extraction procedure 
The frequency extraction procedure is used to optimise the performance of the LT 
transducer design for three different cross-sectional slot profiles which are: a rectangular 
cut, a trapezoidal cut and a quarter circle cut. These cuts are created and lofted along the 
exponential section of the front mass as shown in Figure ‎3-13. The optimisation 
procedure included a study of the effects of cross-sectional area and twisting angle on the 
transducer performance parameters. These parameters are the resonance frequencies of the 
LT mode, the torsionality, the frequency spacing between the LT and the surrounding 
modes of vibration, the location of the nodal plane along the transducer, and the ratio of the 
longitudinal response of the output surface to the back mass surface. For particular 
dimensions of the initial design, four slots are chosen as a profile on a plane at the large 
end of the exponential section of the front mass. Each profile is then extruded with twist 
along the exponential section length    through the use of a pitch feature. The pitch is 
defined as the extrusion distance in which a 360º of twist occurs. The following expression 
is used to calculate the pitch value for different twist angles [78]: 
       
   
 
 ‎3.27 
where   is the angle of twist. Six different twist angles are chosen for the optimisation 
study. These are: 60º, 120º, 180º, 240º, 300º and 360º, which represents  
 
 
 , 
 
 
 , 
 
 
 , 
 
 
 , 
 
 
 and 
one whole twist rotation along the given length of the section, respectively. The depth of 
the cut of each slot is chosen as 4, 8 and 12mm and is measured from the outside of the 
large end section. For each depth category, the cross-sectional areas of slot profiles are 
equal for these cuts. Therefore the profile width can be calculated as demonstrated in 
Table  3-8. The large width of the trapezoidal section is assumed to be twice the small 
width:     . 
Three steps of analysis are used in the current procedure. The default initial step is used to 
define the interaction properties between parts and the BC of the electrical potential for the 
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piezoceramic rings. A general static step is used to apply the prestress on the piezoceramic 
stack through the use of the bolt load module. Finally a linear permutation frequency step 
is created to calculate the eigenvalues of the transducer. 
  
 
 
(a) 
 
(b) 
 
(c) 
Figure ‎3-13 Different slotted cross-sections from (a) rectangular, (b) trapezoidal and (c)  
quarter circle cuts.  
 
Table ‎3-8 Dimensions for the profiles of the cuts.  
Rectangular cut  Trapezoidal cut  Quarter circle cut 
                 
 
            
    
 
   
 
            
     
 
 
  (mm)   (mm)    (mm)   (mm)   (mm)    (mm) 
4 3.125  4 4.2 2.1  4 
8 6.25  8 8.4 4.2  8 
12 9.2  12 12.2 6.1  12 
 
To investigate the accuracy of the modelling results, and the computing time required prior 
to the optimisation procedure, a frequency convergence study is conducted for the unslitted 
transducer model. This is shown in Figure  3-14. The desired L mode and the surrounding F 
and T modes are calculated for a different numbers of elements and the results are plotted 
in Figures 3-14(a), (b) and (c). The computing time is evaluated by the size of output file, 
as shown in Figure ‎3-14(d). 
 
 
𝒂 𝒃 
𝒂 
𝒉 
𝒃 
𝒓 
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(a) 2
nd
 flexural mode (b) 1
s t
 longitudinal mode  
  
(c) 2
nd
 torsional mode (d) output file size  
Figure ‎3-14 Convergence of resonance frequencies and the size of the output file for a 
different number of elements.  
 
It can be observed that the F and T modes converge when the number of elements reaches 
9,000. However, the L mode requires a finer mesh for convergence, where the change in 
frequency settles at 17,000 elements. For a course mesh, the outer elements of the front 
mass are misshapen due to the curvature of the exponential decay. Therefore the results 
show divergence at a low number of elements. The volume of the transducer changes due 
to the slotting process. Therefore the size of element (also known as seeds in Abaqus), 
which gives the L mode convergence, is chosen for the optimal mesh and subsequent 
models. In the current study, the number of elements is chosen over 17,000. 
The 1
st
 L mode occurs at a frequency higher than the initial design value of 20kHz. This is 
due to the introduction of the pre-stressed bolt, which is not considered in the initial 
calculation. The pre-stressed bolt increases the stiffness of the back mass and piezoceramic 
sections. Therefore the overall stiffness of the model is increased.    
The optimisation results for rectangular, trapezoidal and quarter circle cuts are shown in 
Figures 3-15, 3-16 and 3-17, respectively. For all types of cuts, the 4mm depth, which 
produces slots that have a length of 1/3 the total length of the exponential section, does not 
provide any torsionality. This suggests that the converted wave at these slots may vanish 
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before reaching the output surface of the transducer. Also the ratio of cut section to solid 
section is small and therefore less L wave can be converted into T wave. 
For the rectangular section, the torsionality can reach up to 0.22 for 8mm depth in cut. 
Whereas the maximum torsionality for a 12mm is 1.33 at a twisting angle of 300º. At these 
specifications, the nodal plane is located at the intersection between the piezoceramic stack 
and the front mass. The ratio of L response between the output surface and the back mass 
surface is 5.4. However the frequency spacing between the LT and the second flexural 
mode (2F) is only 2.8% which is not enough to prevent coupling between these modes. 
The trapezoidal cut produces torsionality up to 0.27 for 8mm depth. This is considered to 
be a low ratio, However it can reach up to 0.94 for a 12mm depth at 240º. At these 
dimensions, the nodal plane is located at the piezoceramic stack (0.5mm backwards from 
the intersection plane) and the ratio of L response is 4.7. Furthermore, the frequency 
spacing is only 3%, which gives a high possibility of coupling between LT and 2F modes. 
The best results were obtained with the quarter circle cut where, for a 12mm depth of cut, 
the torsionality can reach up to 0.74 at a twist angle of 240º. A good frequency spacing of 
15% is obtained at this angle and this spacing is enough to prevent any possibility of 
coupling between LT and 2F modes. Also the nodal plane is located on the front mass 
(1mm in front of the intersection plane) and the ratio of L response between the output 
surface and the back mass is 4.55. 
 The resonance frequency of the LT response for all 12mm depth cuts is reduced with 
increasing twist angle. This suggests that the reduction in front mass stiffness is higher 
than the reduction of inertia. The resonance frequency for the quarter circle cuts, at 
maximum torsionality, is 18,288Hz. This is below the threshold value. Therefore, for this 
particular size of transducer, a twist angle of 180º is chosen for fabrication giving a 
resonance frequency of 19,500Hz and a torsionality of 0.64.  
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(a) 4mm depth of cut.  (b) 8mm depth of cut.  
  
(c) 12mm depth of cut.  (d) Torsionality.  
Figure ‎3-15 Frequency spacing and torsionality of  a rectangular cut for different depths of 
cut.  
 
  
(a) 4mm depth of cut. (b) 8mm depth of cut.  
  
(c) 12mm depth of cut.  (d) Torsionality.  
Figure ‎3-16 Frequency spacing and torsionality of  a trapezoidal cut for different depths of 
cut.  
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(a) 4mm depth of cut.  (b) 8mm depth of cut.  
  
(c) 12mm depth of cut.  (d) Torsionality.  
Figure ‎3-17 Frequency spacing and torsionality of a quarter circle cut for different depths 
of cut.  
3.7. Dynamic analysis procedure 
The optimised transducer model is developed for harmonic analysis to study the transducer 
performance under a harmonic excitation loads. The initial and general analysis steps, 
which are used in the frequency extraction procedure, are used again and are followed by a 
steady-state dynamic linear perturbation step. This step provides the steady-state amplitude 
and phase of the response of a system due to harmonic excitation. The excitation load is 
applied as a voltage function at a series of different frequencies (frequency sweep) where 
the response of the system is recorded. The excitation is applied during this step through 
the BC of the piezoceramic rings. Different excitation levels are selected and the response 
of a point on the circumference of the output surface is calculated[78]. 
In general, there are three types of damping which occur in piezoelectric transducers, these 
are viscous damping that is due to energy dissipation, structural damping that is due to 
material properties and friction damping that is due to mechanical sliding between 
surfaces. Normally, the viscous damping occurs at a low frequency range (few kHz). 
Therefore, it is considered to be in this work and applied through the use of the Rayleigh 
formula; where the mass proportional damping coefficient,  , is assumed to be zero and 
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the stiffness proportional damping coefficient,  , is defined by the following expression 
[84]: 
  
 
    
 ‎3.28 
In this expression    is the modal frequency and    is the overall mechanical quality 
factor, which represents the structural mechanical damping. Further information about this 
formula is provided in section 5.8. The quality factor is estimated at the beginning of the 
analysis and is then corrected after completing an electrical impedance analysis of the 
fabricated transducer. The values of the resonance and anti-resonance frequencies for the 
mode shape   can be used to find    of the transducer [85].  
3.8. Electrical analysis procedure 
Abaqus provides the capability to estimate the generated electrical current   in the 
piezoceramic materials due to electrical excitation in the harmonic analysis step. A reactive 
electrical nodal parameter (    ) is requested at the output module where the total 
electrical charge    on the positive sides of the piezoceramic rings is calculated as the sum 
of      of nodes on the surface. The following equation is then used to calculate the 
generated current: 
    ∑   ‎3.29 
where   and   are the imaginary unit and the angular frequency of the excitation. The 
electrical impedance    can then be calculated by: 
   
 
 
 ‎3.30 
where   is the excitation voltage. The complex form of electrical impedance can be used to 
calculate the impedance magnitude and the phase difference between current and voltage 
[86]. 
3.9. Generalisation of transducer design 
It is important to consider the scalability in the dimensions of any mechanical design. In 
the case of ultrasonic transducer design, the piezoelectric components (rings, discs, plates, 
etc.) are fabricated to specific dimensions. Therefore, resizing the transducer model to 
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meet these dimensions can simplify the design, reduce the cost and, most importantly, 
allow sizing for different applications. 
The optimised model is used to generalise the LT transducer ranges, where the dimensions 
of all parts are considered relative to the thickness of piezoceramic component, as is shown 
in Figure ‎3-18. Different component thicknesses are chosen (between 1-10mm) and new 
FE models are created, where the total length of the transducer is varied between 26-
260mm. These models are evaluated through a comparison of the torsionality at the output 
surface, as well as the frequency spacing between the desired LT mode and the 
surrounding F and T modes, as shown in Figures 3-19 and 3-20 respectively. It can be 
observed that torsionality is almost constant. This suggests that the main design parameters 
for the LT transducer, which are the ratio of slotted to solid area and the twist angle of the 
slots, are not influenced by the size of the model. Also the frequency spacing between 
modes remains to prevent coupling at these different range of sizes. 
 Two transducers with 1.5mm and 5mm ring thicknesses and 180º twist angle were 
fabricated in order to validate the optimisation and the predicted results through the 
generalised model. Also, the smaller sized transducer will have a higher resonant 
frequency (higher than the ultrasonic threshold value). It is also possible to fabricate 
another transducer of 1.5mm with a 240º twist angle to validate the maximum torsionality 
prediction. 
 
 
 
 
Figure ‎3-18 Dimensions of the optimum transducer model relative to the piezoceramic 
thickness.  
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Figure ‎3-19 Torsionality for different sizes 
of transducers.  
 Figure ‎3-20 Frequency spacing ratio of LT-
F and LT-T modes for different sizes of 
transducer.  
3.10. Summary 
The principles of ultrasonic transducer design was used to calculate the initial design 
parameters of a Langevin longitudinal transducer with an exponential front mass. Different 
cross-sectional cuts of slots were introduced to the front mass in order to degenerate the 
longitudinal vibration into a combination of longitudinal and torsional vibration at the 
output surface of the transducer. A set of criteria was presented to evaluate the 
performance of these different cuts and to optimise the transducer design. Finite element 
modelling code, Abaqus, was employed to perform three analysis procedures which were 
the frequency modal extraction, the dynamic response and the electrical analysis. The 
frequency extraction procedure was used to optimise the design whilst the dynamic 
response and electrical analysis procedures were used to study the optimised model under 
different boundary conditions. The optimised model was also generalised by a dimensional 
scaling procedure so that different sizing of the transducer could be created. 
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Chapter 4 Analytical modelling of LT transducer 
 
4.1 Introduction 
Improvements to the ultrasonic transducer’s performance require a detailed investigation of 
its mechanical and electrical aspects under different operating conditions. It is also 
important to simulate the effects of the mechanical, dielectric and piezoelectric losses that 
are associated with the transducer prior to fabrication. For instance, the numerical models 
based upon the finite element (FE) method, as shown in chapter 3, allows for an accurate 
description of the mechanical behaviour; where the stresses and strains can be calculated 
precisely. However it does not generally provide an adequate insight into the electrical 
characteristics. Numerical models also require intensive computational power and 
sometimes, due to the numerical characterisation, the physical meaning of the model may 
be lost [87]. Therefore, integrating purely upon the optimised numerical model at the 
fabrication stage may lead to a mismatch between the actual and the expected performance. 
Analytical modelling of wave motion in acoustic media is employed as an alternative 
method to design ultrasonic transducers. The dimensions of the transducer parts are 
normally calculated through analytical analysis at the initial design stage. It is widely used 
in one-dimensional (1D) vibration theory when the longitudinal dimension of the 
transducer is greater than its lateral dimension. The method considers the longitudinal 
modes of vibration and it assumes that a plane stress wave propagates in the axial direction 
of the transducer parts [88].  Analytical modelling is also used in two-dimensional (2D) 
and three-dimensional (3D) models to consider both flexural (or radial) and thickness 
modes of vibration [89], but these models are usually expensive in terms of computation 
time and they also require advanced mathematics for their solution,  they are often 
unrealistic for the purpose of modelling dynamic behaviour [62]. In the current work, a 1D 
model is used to represent the proposed design. The analytical solution is used first, as 
presented in section 3.4, to calculate the longitudinal dimensions of the half wavelength 
transducer parts; this includes the solid exponential horn as the front mass. Then the model 
is optimised by FE code where slits are introduced into the front mass and their geometry 
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effects on the transducer performance are studied. In this chapter, the dimensions and 
properties of the optimised FE model are used to create a complete analytical model, this 
can be used to study the electrical aspects of the transducer. The analytical model is created 
through a different approach than the FE model. Therefore it can also be used to validate 
some of the FE calculations. The proposed transducer is excited longitudinally and it can 
produce a combination of longitudinal and torsional responses. Thus, the 1D model must 
be modified so that the region of combined motion is described by two separate 1D 
models. 
The analytical model is simple, and requires low computing resources, however it can be 
used to achieve the following goals: 
1- Investigation of the electrical aspects of the transducer through the extraction of the 
electrical impedance, the phase diagram and the coupling coefficient between the electrical 
and mechanical energy. 
2- Consideration of a linear form of the elastic, piezoelectric, and dielectric losses, this 
gives a more realistic model than the more frequently used lossless models. 
3- Calculation of the input electrical power and the output mechanical response for 
different excitation levels. 
 4- Extraction of the mode shape of the transducer, which represents the response 
distribution along the transducer and which can be used to locate the nodal plane. These 
calculations can also be used to validate the similar findings of the FE model. 
4.2 Theory of wave motion in an elastic solid  
In physics, a wave is a disturbance (or oscillation) that travels through space and time, 
transporting or transforming energy [90]. Generally, waves can be classified into two 
categories according to their motion: electromagnetic waves, which can travel in a vacuum, 
and mechanical waves, which require a medium. The propagation of mechanical waves in 
solids can be generally divided into four categories: elastic, viscoelastic, plastic, and shock 
[91]. In this work, mechanical elastic waves in a bounded isotropic solid medium are 
considered. These waves can be divided further based on the motion of the particles in the 
medium relative to the direction of energy propagation: longitudinal waves, which cause 
the medium’s particles to oscillate parallel to the direction of wave propagation, transverse 
waves, which cause a perpendicular movement of the medium with respect to the wave 
direction and surface waves which are both transverse waves and longitudinal waves. Also, 
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there are torsional waves which are defined as a two-dimensional transverse wave. This 
type of wave twists along the direction of wave motion. 
Mechanical waves are described by a wave equation which sets out how the disturbance 
proceeds over time. The mathematical form of this equation varies depending on the type 
of waves [92]. 
4.2.1 Theory of one-dimensional wave propagation 
A straight, homogenous rod is subjected to a dynamically varying stress field       , 
simply referred to as  , so that the adjusted sections are subjected to varying stresses where 
  refers to the point location along the section of the rod while   refers to time. It is 
assumed that the planes that are parallel to the cross-sections remain parallel. Therefore a 
uniform distribution of stress along the section exists. The stress can be expressed as: 
where  , and   are the applied load and the cross-sectional area of the rod normal to the  -
direction, respectively. 
The longitudinal displacement of the cross-section is given by       , or simply referred to 
as  . The equation of motion in the  -direction can be then given by applying Newton’s 
second law to a differential element as shown in Figure  4-1:  
where   and   are the body force per unit volume and the mass density respectively. 
Simplifying Equation ‎4.2 by neglecting the body forces gives:   
If the material is assumed to behave elastically, which is an adequate assumption when 
analysing wave propagation [92], then the linear relationship between stress and strain 
(Hooke’s law) can be applied: 
where   is the Young’s modulus of elasticity and   is the axial strain, which can be defined 
as: 
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Substituting Equation ‎4.5 into Equation ‎4.4:  
  
  
  
  ‎4.6 
Differentiating Equation ‎4.6 with respect to x: 
  
  
  
   
   
 ‎4.7 
Then substituting Equation ‎4.7 into Equation ‎4.3 yields: 
 
   
   
  
   
   
 ‎4.8 
or: 
   
   
 
 
  
   
   
   ‎4.9 
where 
  √
 
 
 ‎4.10 
  is the velocity of propagation of a longitudinal wave in the rod. Equation ‎4.9 is the wave 
equation which is a second order partial differential equation that can be used to analyse 
1D wave motion in an elastic medium. It is important to mention that in this analysis, it is 
assumed that a uniaxial stress state exists. However due to the Poisson’s effect, there are 
lateral expansions and contractions arising from the axial stress that can be determined 
through the use of a generalised Hooke’s law. However, to simplify the solution, these 
effects are neglected [92]. 
 
 
Figure ‎4-1 Normal stresses acting on a differential element of a uniform rod.  
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4.2.2 Higher order wave equation 
The literature review discussed how 2D and 3D analytical models have been used to 
analyse one element of piezoceramic [33, 93-97] or a complete ultrasonic transducer model 
that has a short length of metal parts [89, 98]. These models are used to predict both the 
thickness and the radial (or flexural) modes of vibrations in structures when the 
longitudinal dimension is less than or equal to the lateral dimensions [34, 98]. However, 
these models are expensive in terms of computation time and often unrealistic for 
modelling purposes [62]. They also require advanced mathematics (matrix form) for 
solution due to the high number of variables, but in many cases simplified 1D models are 
sufficient for a physical interpretation of the problem [55, 57, 99-101]. This simplification 
matches the real-world operation better in the case where the transducer under study has 
longitudinal dimensions that are larger than its lateral dimensions, so that it can be 
regarded as laterally free of external force [88]. Also, for the 1D model, high accuracy 
results can be obtained if the operating longitudinal vibration mode is the fundamental 
mode. It is well known that when the radial dimensions are less than a quarter of the 
longitudinal wavelength, one dimensional theory can be used and the error between the 
measured and theoretical resonance frequencies is negligible [87].  
One final advantage of the 1D assumption is that it allows the use of an equivalent 
electrical circuit approach, which provides a systematic and easy interpretation of the 
physical concept. 
4.2.3 Solution of the one-dimensional wave equation 
The general solution of Equation ‎4.9 can be written in the form of two independent 
variables   and   as follows  [92]: 
        ‎4.11a 
        ‎4.11b 
These variables indicate that the displacement   of the material is not only a function of 
time   and position  , but also wave velocity  . Using a solution that is developed by 
D’Alembert [102], the one-dimensional wave equation can be expressed by: 
                          ‎4.12 
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where   and   are functions of the boundary conditions of the problem. The function 
         represents the wave front that propagates in the positive   direction, whilst the 
function          represents the wave that travels in the negative   direction. 
In linear continuous systems, based on the Fourier transform, a general travelling 
waveform can be constructed from harmonic traveling wave components. Therefore it is 
sufficient to study the propagation of only harmonic waves [102]. The harmonic forms of  
   and   functions are: 
                    ‎4.13a 
                    ‎4.13b 
where A is the wave amplitude and   is called the wavenumber and is defined as the ratio 
of the angular frequency of the wave   to the wave velocity: 
  
 
 
 ‎4.14 
Then Equation 4.12 can be written as: 
                             ‎4.15 
In this equation, the first term represents a traveling wave in the positive direction of  , 
whilst the second term represents the wave traveling in the negative direction of  . If a 
wave travels in a medium in the positive direction, while initially no wave travels in the 
negative direction, then the second part of Equation ‎4.15 can be ignored and the 
displacement equation will be: 
                  ‎4.16 
The medium’s particle velocity        is obtained by differentiation of Equation ‎4.16 with 
respect to time, so that: 
                     ‎4.17 
Also, by combining Equations ‎4.6 and ‎4.17, the stress can be expressed as: 
                     ‎4.18 
From Equation ‎4.1, the force acting is obtained by multiplying Equation ‎4.18 by the cross-
sectional area S so that: 
                      ‎4.19 
The acoustical (mechanical) impedance   of a point on a structure is the ratio of the force 
applied at a point        to the resulting velocity at the same point       . This can be 
obtained by dividing Equation ‎4.19 by Equation ‎4.17 so that: 
  
      
      
 
   
 
 ‎4.20 
CHAPTER 4 ANALYTICAL MODELLING OF LT TRANSDUCER                                                   71 
 
Then, by applying Equations ‎4.10 and ‎4.14 into Equation ‎4.20, the acoustical impedance 
can be obtained by: 
      ‎4.21 
The product of the mass density  , the velocity   and the cross-sectional area S of a given 
medium is the acoustical impedance  , which can be defined as a measure of the medium’s 
resistance to the motion when subjected to a given force. It relates the forces with the 
velocities acting in a mechanical system. 
Wave propagation may encounter a discontinuity at the boundary between two different 
media. This can produce reflected waves that will affect the transmission of energy. This is 
shown in Figure  4-2 where two different media are separated by a discontinuity at    . 
In medium 1, a wave    travels in the positive direction of   whilst initially no wave 
travels in the negative direction. This is considered to be an incident wave that can be 
expressed as: 
where    is the amplitude of the incident wave. When the incident wave encounters the 
interface between mediums 1 and 2, reflected and transmitted waves are generated.  
 
Figure ‎4-2  Reflection and transmission at an interface between different mediums.  
The reflected wave         can be expressed in terms of travelling waves in the negative 
direction of  , whilst the transmitted wave         is assumed to be travelling waves in the 
positive direction of   as follows: 
where    and    are the amplitudes of the reflected and transmitted waves respectively. 
The boundary conditions at the interface require that the velocity is continuous and the 
forces across the interface are balanced [92], so that: 
                        ‎4.25 
                        ‎4.26 
 
              
   
   
   
Medium 1 Medium 2 
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          ‎4.23 
           
          ‎4.24 
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Submitting Equation ‎4.17 into Equation ‎4.25, and Equation ‎4.19 into Equation ‎4.26, by 
assuming the incident wave is known, the solution of these two equations derived in 
reference [92] produced the following expressions:  
Often, to describe the transmission and the reflection of waves in terms of acoustical 
impedances, through the use of Equation ‎4.21, the stresses of the transmission and 
reflection waves are expressed as:  
From Equation 4.30, in order to minimise the reflected wave, it is necessary to match the 
impedances of the media that the waves travel through. Similar principles are applied in 
the selection of materials for ultrasonic transducers, where in general, the wave travels 
between three different media: the back mass, the piezoelectric section, and the front mass. 
For optimum transmission of acoustical energy from the piezoelectric section, the 
following equation must be satisfied [62, 72, 103]: 
   √     ‎4.31 
where   ,   , and    are the acoustical impedances of the piezoelectric material, the front 
mass and the back mass, respectively. 
4.3 General wave equation and equivalent circuit approach 
The general wave form in Equation ‎4.9 can be applied for uniform cross-sectional media, 
but, for a non-uniform cross-sectional medium, the one-dimensional wave equation can be 
written in terms of a linear differential equation of the second order as follows [53, 104] : 
   
   
 
 
    
     
  
 
  
  
 
 
  
   
   
   ‎ ‎4.32 
where      is the cross-sectional area at distance x.  
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Equation ‎ ‎4.32 requires a solution approach that is capable of representing the material 
behaviour, the interaction between parts and the loss parameters accurately [100]. In 
ultrasonics, the system behaviour at resonance is the main goal for solving the wave 
equation. There is a similarity in the resonance behaviour between mechanical systems and 
electrical systems. This behaviour makes it possible to compare and borrow electrical 
concepts (inductance, capacitance and resistance) to represent mechanical concepts 
(inertia, stiffness, and damping). The analogy between these systems can be defined as 
follows: in terms of an electrical system, based on Kirchhoff’s current law, the algebraic 
summation of the currents meeting at a junction (node) is equal to zero, analogously, the 
summation of the forces at a point of a system in equilibrium is equal to zero. Also, based 
on Kirchhoff’s voltage law, the voltage drop around a closed loop is equal to zero. In the 
mechanical system, the velocity drop around a closed loop is equal to zero. These 
similarities can be used to make the following analogies between the variables in these two 
systems: 
Electrical system 
 
Mechanical system 
Current 
 
Velocity 
Voltage 
 
Force 
As described in section 4.2.3, the mechanical impedance represents the ratio of the force 
acting on a point to the velocity produced at that same point. The electrical impedance is 
defined as the voltage across an element divided by the current through the element. By 
noticing the similarity of the definitions, it is possible to represent the impedance of the 
acoustical system by the impedance of the electrical system. The acoustical structure can 
be given by an equivalent electrical T-network [105] as shown in Figure  4-3. 
 
 
Figure ‎4-3 Analogue of uniform cross -section of acoustical structure to equivalent T -circuit 
of one-dimensional acoustic wave.  
 
 
ZL ZL 
ZC 
l 
Wave propagation 
direction 
Vm1 Vm2 
Im1 Im2 
v1, P1 v2, P2 
S 
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In this figure, the equivalent T-network of the acoustical structure has two acoustical ports 
with two terminal acoustical impedances    and one cross-acoustical impedance   . The 
terminal impedances correspond to the front    and back    surfaces. Therefore, for a 
uniform cross-sectional structure, the impedances are identical.  The velocities   ,   and 
the forces   ,    on the acoustical structure are represented by the voltages    ,     and 
the currents    ,     on the equivalent circuit, respectively. The impedances of the 
equivalent T-network are defined in terms of density, wave velocity, cross-sectional area, 
wave number and the wave path length as follows [104, 106]: 
               (
   
 
) ‎4.33 
   
         
       
 ‎4.34 
 
where           are the material mass density, the wave velocity, the cross-sectional area, 
the wave number, and the length of the wave path in the direction of wave propagation, 
respectively. 
For non-uniform sections, such as the exponential decay horn considered in this work, the 
equations of the equivalent T-network impedances can be derived. As shown in Figure  4-4, 
the cross-sectional area      varies with the location along the axial direction (z-axis) 
according to the following relationship: 
        
     ‎4.35 
    is the cross-section area at     (the large end of the section) and   is the area decay 
coefficient, which can be found from:  
  
     
 
 ‎4.36 
where (        ⁄  ) is the ratio of radii at the large end to the small end of the exponential 
section and   is the length of the section. Since the sound particle velocity is (      ⁄  ), 
then by applying Equation ‎4.35 into the general form of the wave equation 
(Equation ‎ ‎4.32), the following relationship is obtained [53, 107]:  
   
   
    
  
  
       ‎4.37 
The solution of Equation ‎4.37 yields: 
             
           
     ‎4.38 
where: 
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   √      ‎4.39 
  is the wave number which is defined in Equation ‎4.14. These equations are used to 
derive the equations for the equivalent impedances and the resulting relationships for the 
assumption that     are [104]: 
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Figure ‎4-4 Analogue of exponential cross -section of acoustical structure to  equivalent T-
circuit of one-dimensional acoustic wave.  
For piezoelectric materials, where the mechanical and electrical properties are coupled, if 
the above analogue is applied directly, then the impedances produced will consist of 
elements that exhibit complicated mixtures of electrical and mechanical parameters. 
Therefore, another approach based on the Mason model [100] is used. This model was 
developed in 1948 to represent piezoelectric materials through an equivalent circuit with 
three ports: an electrical port and two acoustical ports. These ports are separated by an 
ideal electromechanical transformer [55]. Based on the similarity between the electrical 
and acoustical systems, the voltage    and the current     on the electrical port can be 
transferred to force    and velocity     on the acoustical port as follows:  
       ‎4.43a 
   
  
 
 ‎4.43b 
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where   is a transformation coefficient. By using Ohm’s law for the relationship between 
voltage, current and impedance, the transformation of impedances between the electrical Ze 
and acoustical Zm ports can be given as: 
    
    ‎4.44 
As shown in Figure  4-5, the electrical port has two electrical capacitances,     which are 
equal in value but opposite in sign. These represent the capacity of the piezoceramic discs 
under zero strain. The capacitance is calculated from the piezoelectric properties and the 
geometry of the piezoelectric parts as follows [108]:  
    
      
     
 
      
   ‎ ‎4.45 
where    and   are the number of piezoelectric discs and the thickness of each disc.    
  , 
   and    are the clamped permittivity of the piezoelectric material in the thickness mode, 
the cross-sectional area normal to the thickness direction and the electromechanical 
coupling coefficient of the piezoelectric material in the thickness mode, respectively. 
 
 
Figure ‎4-5 Mason equivalent circuit of a piezoelectric disc operation in the thickness mode.  
 
These two analogies can be combined to describe the wave propagation in piezoelectric 
transducers. This approach is called the equivalent electrical circuit approach. It was first 
introduced by Mason [109], and then used widely to characterise and optimise 
piezoelectric transducers [33, 59, 108, 110]. In this approach each mechanical piece of the 
transducer can be represented by the equivalent T-network while the piezoelectric section 
can be represented by Mason’s equivalent circuit. A complete transducer network is then 
modelled as a combination of these circuits. This network is analysed using the basic laws 
of circuit theory in order to obtain the electromechanical parameters such as the impedance 
spectrum, phase diagram, input current, power and output response.  
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The equivalent circuit approach can be used to represent the wave propagation in the 
longitudinal [108], torsional [111], and flexural [112, 113] modes of ultrasonic transducers 
and it is also used to study the combination of these modes in vibration [34, 96]. This 
approach has many advantages: 
1- It is simple, direct, and concise in its physical meaning. 
2- It has the ability to model different losses where the mechanical, piezoelectric, and 
dielectric losses can be taken into account. 
3- It can recognise the effect of external loads and surrounding boundaries. 
4- It also permits for efficient modelling of the interaction between the electrical and 
non-electrical components of an electromechanical system. 
5- Finally, it is possible to apply in reverse, i.e. the electrical system can be easily 
converted into a mechanical system. 
4.4 Alternative equivalents models 
Within the equivalent circuit approach, many models have been created to represent 
different mechanical systems. The most common models in the case of piezoelectric 
transducers are: the Mason’s equivalent circuit model [100], Redwood’s model [56], and 
the Krimholtz, Leedom, and Mattaei, (KLM) model [58]. Each of these models has its own 
advantages and limitations, its best application area, and its own importance. The model to 
be applied is selected according to the specific application when these models are applied, 
it is of course important to consider the system’s excitation method [114, 115].  
Mason’s model provides a powerful tool for the analysis and simulation of piezoelectric 
transducer elements. It can simulate both the coupling between the mechanical and 
electrical systems and the coupling between the mechanical and acoustical systems. The 
drawback of this model is that it can produce a negative capacitance, which cannot be 
represented by a physical circuit element. However it has proved useful in many ultrasonic 
applications. 
4.5 Equivalent circuit of longitudinal-torsional (LT) Transducer circuit 
In general, a piezoelectric transducer experiences coupling between the electrical energy 
inputs and the mechanical motion outputs. To simplify this analysis, it can be divided into 
an electrical (static) branch and a mechanical (motional) branch. The electrical branch 
consists of the electrical description of the piezoelectric material whilst the mechanical 
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branch represents the other parts as well as the mechanical aspects of the piezoelectric 
material. 
For the transducer under study, shown in Figure  4-6, construction of the equivalent circuit 
is done by dividing the model into six regions between which there is a change in the 
material, a change in the cross-section, or a change in both. After defining the material 
properties and the geometrical dimensions of each region, Equations ‎4.33 and ‎4.34 can be 
used to calculate the inductance and capacitance impedances of each region as functions of 
frequency. 
 
Figure ‎4-6 Schematic representation of the piezoelectric transducer and the different  
regions.  
Region 1 represents the head of the pre-stressed bolt which has a uniform hexagonal cross-
sectional area. The acoustical impedances and wave velocity are calculated based on the 
following expressions: 
                   (
       
 
)         ‎4.46a 
    
            
            
 ‎4.46b 
   √
  
  
 4.46c 
Region 2 is a composite structure with two different parts: the hollow back mass and the 
bolt running through the back mass. The additional stiffness and mass of the pre-stressed 
bolt are usually much less than for the other parts [59]. Therefore, some studies have 
shown that neglecting the effect of the bolt section is an acceptable approximation because 
the added stiffness is usually much less than that of the back mass [34, 87]. However, for a 
more accurate model, it is possible to extend the equivalent circuit to include the bolts 
effect [59, 108]. Considering the bolt’s effect on the section as a whole, there are three 
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different approaches. The first assumption considers that at small excitations, the same 
deformation will occur in both parts. It has been shown previously that the acoustical-
electrical analogue matches the velocity (or deformation) in the acoustical system to the 
current in the electrical system. Therefore, it is possible to represent the two parts of region 
2  as two electrical impedances in series [59, 108]. The second assumption considers that 
the same force will act on both parts. Since the acoustical-electrical analogue matches the 
forces to voltages, it is possible to represent these parts as two electrical impedances in 
parallel. Finally, the third assumption considers the average values of material properties of 
these parts as a ratio to the cross-sectional area of each [116], so that: 
        
                                 
                
 ‎4.47a 
        
                                 
                
 ‎4.47b 
These average values are used in Equations ‎4.33 and ‎4.34 to calculate the impedances of 
the combined region. 
The three assumptions are evaluated by applying the optimised dimensions and material 
specifications of the back mass and the pre-stressed bolt in the FE model. Using 
Equations ‎4.33 and ‎4.34 but ignoring the mechanical losses, the acoustical impedance of 
each part of region 2 can be obtained as a function of frequency, as shown in Table  4-1. 
By using the definition of each assumption, and Equations ‎4.47a and 4.47b to calculate the 
average values of the material properties, the equivalent acoustical impedances can be 
calculated as shown in Table  4-2. 
 
Table ‎4-1 Acoustical impedance of back mass and bolt section of region 2.  
No. Section Area S  
 10
-6
 m
2
 
Length 
l (m) 
Density 
ρ (kg/m3) 
Speed of 
sound c (m/s) 
ZL ZC 
1 Back mass 1021 0.036 8000 4743 j 38741 tan(0.113f) -j 38741/ sin(0.226f) 
2 Bolt section 113 0.036 4430 5068 j 2537 tan(0.113f) -j 2537/ sin(0.226f) 
 
Table ‎4-2 Equivalent acoustical impedances of different assumptions for region 2.  
No. Assumption ZL ZC 
1 Assumption 1: in series j 41,278 tan(0.113f) -j 41,278/ sin(0.226f) 
2 Assumption 2: in parallel j 2,381 tan(0.113f) -j 2,381/ sin(0.226f) 
3 Assumption 3: average properties j 41,391 tan(0.113f) -j 41,391/ sin(0.226f) 
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Assumptions 1 and 3 produce close results, while assumption 2 gives significantly 
different results. The possible explanation for this result is that the assumption of the 
similar force on both parts is incorrect as the low impedance of the bolt section, Table  4-1, 
is not expected to significantly affect the overall impedance of the combined parts. Also 
the similar applied force will produce a larger deformation in the bolt section than the back 
mass and this tends to remove the pre-stress on the piezoceramic stack. This situation is not 
noticed in reality, therefore it is reasonable to ignore the second assumption and select 
either assumption 1 or 3 to calculate the equivalent values. Assumption 3 is simpler and 
more applicable for calculations. Therefore it will be considered in this analysis. 
The equivalent acoustical impedances of region 2 are then calculated by: 
                                        (
       
 
)  ‎4.48a 
    
                                   
            
 ‎4.48b 
 
Region (3) is another combined structure which has the piezoelectric rings, the electrodes 
and another part of the pre-stressed bolt. The electrodes are usually made from thin plates 
and therefore their mechanical impedances can be neglected. As shown previously, the 
piezoelectric rings have two aspects, electrical and mechanical, which are calculated 
separately. The electrical side is given by a separate electrical circuit, in which the 
electrical capacitance is calculated directly from the piezoelectric properties of the material 
as shown in Equation‎ ‎4.45 [55]. The electrical impedance of the static capacitance can be 
calculated as: 
       
 
         
 ‎4.49 
 
The mechanical section of the piezoceramic region is given by the acoustical impedances 
which are calculated from the average values of material properties as follows: 
        
                           
             
 ‎4.50a 
        
                           
             
 ‎4.50b 
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 4.51b 
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The relationship between the electrical and acoustical sections is defined by the ideal 
electromechanical conversion coefficient  , which is calculated by [108]: 
   
      
      
  ‎4.52 
where     and    
  are the piezoelectric constant and the elastic compliance constant for the 
piezoelectric material in a constant electrical field. 
Region (4) represents the uniform cross-sectional part of the front mass where the 
acoustical impedances can be calculated by: 
 
                  (
      
 
) ‎4.53a 
    
            
            
 4.53b 
 
4.5.1 Exponential slotted section 
Region (5) represents the slotted helical geometry of quarter circle cut for the front mass. 
This complex structure has an inner uniform solid core and an outer exponential slotted 
section as shown in Figure  4-7a.  The generated force   at the piezoelectric section acts 
along the uniform section (region 4) axially and is then converted at the slotted section into 
two components: longitudinal force    and shear force    , these are expressed as [32]: 
            ‎4.54a 
            4.54b 
where   is the helix angle of the slots. 
Based on the theory of longitudinal and flexural vibration, the longitudinal force 
component will create longitudinal vibration, while the shearing force component will 
create torsional vibration [20]. The shearing component produces a torsional moment   
along the axis of the horn, which can be expressed as: 
  ∫      
 
 ‎4.55 
Where   is the shearing force acting on a unit area    at radius  . 
The cross-sectional area of this region is a combination of the slotted area and the solid 
core area (shown in Figure  4-7b) which can be found as: 
        
                                                      ‎4.56a 
        
          
                            4.56b 
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simplify S2 to get: 
              
  ‎4.57 
 
then differentiate these equations so that: 
 
             ‎4.58a 
             4.58b 
 
By applying Equations ‎4.54a, 4.54b, ‎4.58a and 4.58b into Equation ‎4.55: 
 
  ∫    
        
    
 
  
 
          ∫    
        
             
  
  
             ‎4.59 
 
the simplified equation is: 
          (∫    
  
 
   ∫  
      
       
  
  
) ‎4.60 
 
The following solution can be used to solve this integration [117]: 
 
∫
    
    
  
 
 
 
 
  
         ‎4.61 
 
By comparing Equations ‎4.60 and ‎4.61, it can be found that     and      , therefore 
the integral solution can be applied to the shear moment equation as follows: 
 
          (
  
 
 
  
 
        
  
 
 
  
 
          ) ‎4.62 
 
Figure ‎4-7 Representation of forces and torsional moment directions (a) and a cross -
sectional area (b) of the slotted section (region 5).  
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The equivalent circuit of region 5 can be obtained by two separate circuits of the 1D 
model. The first circuit represents the longitudinal vibration component and the other 
circuit represents the torsional vibration component. Each circuit interacts with region 4 
through a conversion coefficient that is the ratio of degenerated vibration to the generated 
vibration at the dividing surface (the output surface of region 4). The conversion 
coefficient of longitudinal vibration    is given by: 
   
  
 
 ‎4.63 
whereas the conversion coefficient of torsional vibration    can be expressed as: 
   
 
 
 ‎4.64 
By substituting Equations ‎4.54a and ‎4.62 into Equations ‎4.63 and ‎4.64 respectively, the 
following expressions can be obtained: 
          ‎4.65 
          (
  
 
 
  
 
        
  
 
 
  
 
          ) ‎4.66 
 
The conversion coefficients can predict the ratio of the division of generated L waves into 
degenerated L and T waves with respect to the helix angle. When the helix angle is equal 
to zero, the longitudinal conversion coefficient    will be unity whilst the torsional 
conversion coefficient    is equal to zero. This is the situation when the cutting slots are 
parallel to the axial direction of the exponential horn. This does not produce any 
torsionality, as shown in the numerical analysis, section 3.6. For other values of the helix 
angle, the torsional vibrations vary along the axial direction of the horn ( -direction). The 
relationship between the position   and the radius of the exponential section    is given by: 
       
    ‎4.67 
where    is the radius at the large end of the exponential section   =0 and   is the decay 
coefficient which is defined in Equation ‎4.36. 
For a particular case of the optimised FE model: where   =19mm,   =10mm, l=50mm,   = 
7mm and   = 0.0128; the variation of     along the centre line of the horn is shown in 
Figure  4-8, at which    has its highest value near to the largest cross-section and reduces 
linearly toward the smallest cross-section. 
 
 
CHAPTER 4 ANALYTICAL MODELLING OF LT TRANSDUCER                                                   84 
 
 
Figure ‎4-8 Variation of the torsional conversion coefficient along the axial direction of the 
horn.  
In order to find the value of   , to be used as a conversion coefficient, the value at the 
geometric centroid of the horn is calculated and compared with the average value obtained 
from the curve of Figure  4-8. The location of the geometrical centroid of a solid 
exponential horn can be found by dividing the area weighted integral 〈 〉 by the volume of 
the solid [118]. As shown in Figure  4-7 and by using Equation ‎4.57 for the cross-sectional 
area, the volume    of the slotted exponential horn is given by: 
   ∫     
 
 
 ∫             
    
 
 
 ‎4.68 
 
Applying Equation ‎4.67 into Equation ‎4.68 will produce: 
 
         ∫   
     
 
 
    
 ∫    
 
 
 ‎4.69 
 
Then by carrying out these integrations, and applying their limits, the volume of the slotted 
horn can be calculated by: 
 
   
              
       
   
 
 ‎4.70 
 
The area weighted integral  〈 〉 can be found from: 
〈 〉   ∫       
 
 
       ∫   
       
 
 
   
 ∫     
 
 
 ‎4.71 
 
The following integration solution can be used in Equation ‎4.71 [117]: 
 
∫        
   
  
       ‎4.72 
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A comparison of the first integration term of Equation ‎4.71 to Equation ‎4.72 shows that 
    , therefore the solution of Equation ‎4.70, after applying the integration limit, will 
be: 
〈 〉    
       [     
        ]     
     
   
 ‎4.73 
The centroid  ̅  is found by dividing Equation ‎4.72 by Equation ‎4.69 so that: 
 ̅    
〈 〉
  
 
 [             ]  
  
  
   
 
          
   
  
    
 ‎4.74 
For the above particular values, the centroid is found to be at  ̅ = 19mm. Then from 
Equation ‎4.65, the torsional conversion coefficient    at the centroid is equal to 0.0158. 
This value is very close to the average value of    along the axial direction which is equal 
to 0.0151. Therefore the value of    at the geometrical centroid will be considered for the 
analysis. 
A further investigation of the variation of    with the helix angle   and the position   is 
shown in Figure  4-9. At a helix angle of zero, the value of the torsional coefficient is zero 
along the axial direction. This increases with helix angle and reaches its maximum value at 
a helix angle of 90º. Increasing    leads to improved degeneration to torsional vibration in 
the front mass of the transducer, however this is not the only parameter that controls the 
conversion. There are other parameters which can affect the torsionality, such as the 
geometric stiffness of the slotted section, the method of securing the transducer, and the 
effect of the external applied load at the output surface. 
 
Figure ‎4-9 Variation of torsional conversion coefficient with helix angle and position.  
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In the case of the equivalent L circuit, the acoustical impedances can be calculated through 
the use of Equations ‎4.40 to ‎4.42. Here the cross-sectional area is the summation of    and 
   of Equations ‎4.56a and 4.56b. The resulting impedance equations are [34, 53, 104]: 
 
                       
    
 
    
(
            
       
         
      
)   
 
    
  ‎4.75a 
  
                      
    
 
         
(
          
       
        
      
)   
 
    
  ‎4.75b 
  
                       
    
 
              
       
 4.75c 
  
    
  √(
   
    
)
 
    4.75d 
A procedure which is similar to that used to derive Equations ‎4.75 to 4.75d can be used to 
derive the acoustical impedances of the equivalent torsional circuit. To do this the force    
and the velocity    are replaced by a moment    and an angular velocity    respectively. 
The following equations can be obtained for the assumption of        [34]: 
 
                       
    
 
    
(
             
       
          
      
)   
  
    
  ‎4.76a 
  
                       
    
 
         
(
            
       
        
      
)   
  
    
  4.76b 
  
                        
    
 
                
       
 4.76c 
  
    
  √(
   
    
)
 
    4.76d 
where     ,       and      are the speed of sound of the torsional wave, the area moment 
of inertia, and the torsional wave number respectively. The speed of sound of the torsional 
wave can be calculated by: 
       √
 
 
 ‎4.77a 
  
 
      
 4.77b 
where G is the shear modulus of elasticity and   is the Poisson’s ratio.  
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Finally, region (6) represents the front part of the transducer front mass where L and T 
waves will progress together. Therefore, it can be considered to be continuous so that the 
longitudinal and torsional circuits, and their impedances, can be expressed as: 
 
                       (
      
 
)  ‎4.78a 
      
                
            
 4.78b 
                        (
      
 
) 4.78c 
      
                
            
 4.78d 
The complete equivalent network of the transducer is shown in Figure  4-10. Two 
additional acoustical impedances are added at each end of the network to represent the 
front        and back       external loads. These impedances are neglected when the 
transducer is tested in unloaded conditions because they represent the surrounding space 
impedances which have a negligible value [116]. Their values should be considered when 
the transducer is modelled under the influence of an operating load. 
 
Figure ‎4-10 The complete equivalent network of the transducer based on Mason’s model.  
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The input parameter for this network is the excitation voltage     and the possible outputs 
are the electrical impedance spectrum and the phase diagram. The outputs can be used to 
extract the following: the resonance and anti-resonance frequencies of the thickness modes, 
the total input current and electrical power of the transducer, the effective coupling 
coefficient between the electrical and mechanical energy, the mechanical velocities (and 
hence displacements) at the boundaries between the regions, and finally the vibration 
amplitude at the output surface of the transducer for different excitation levels. 
 The equivalent network is solved through the principles of Kirchhoff’s current and 
voltages laws, where new impedance expressions are introduced to simplify the connecting 
impedances (parallel or series) of the mechanical parts. The overall acoustical impedance 
   is then calculated and transferred through the transmission line to the electrical branch, 
where the same principles are used to extract the overall electrical impedance of the 
transducer   . The total input current    is calculated from the applied excitation voltage 
    and then the voltage across the transferred acoustical impedance is calculated and 
transferred back to the mechanical branch to represent the generated force    at the 
piezoelectric section. Kirchhoff’s principles are used again within the mechanical branch to 
calculate the forces and velocities of each region. 
Current loops are used to calculate the branch currents    which are equivalent to the 
velocities    (and therefore representative of the displacements   ) at the boundaries of 
each region as mentioned previously. These simplification steps are carried out as follows: 
From the left side of the network in Figure  4-10, the back load impedance       is in series 
with     and both are in parallel with    . This can be simplified as: 
 
    
                 
                  
 ‎4.79 
 
    is now in series with      and     , and they are all in parallel to     , hence: 
 
    
                   
                    
 ‎4.80 
 
Finally,    is in series with      and    , therefore: 
 
                 ‎4.81 
These simplification steps of the left side are shown in Figure  4-11. 
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Figure ‎4-11 Simplifying the left side of the equivalent network.  
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From the right side of the network of Figure  4-10, for the longitudinal equivalent circuit, 
the front load impedance        is in series with        and both are in parallel with      . 
Therefore it can be simplified to: 
     
(              )      
                       
 ‎4.82 
This impedance      is now in series with        and       , and as all are in parallel with 
     : 
     
                          
                            
 ‎4.83 
    is in series with      , then: 
                ‎4.84 
The above simplification steps are shown in Figure  4-12, and a similar procedure is applied 
to the equivalent torsional circuit in Figure  4-11 to get: 
     
(              )      
                       
 ‎4.85 
     
                          
                            
 ‎4.86 
                ‎4.87 
 
The equivalent impedances of the longitudinal and torsional circuits,     and     
respectively, are then transferred to the left side of the conversion line, through the use of 
the conversion coefficients in Equations ‎4.64 and ‎4.65. 
This network can be further simplified by: 
     
(
   
  
) (
   
  
)
(
   
  
)  (
   
  
)
      ‎4.88 
     
       
         
            ‎4.89 
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Figure ‎4-12 Simplifying the right side of the equivalent network.  
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The simple form of the equivalent network is shown in Figure  4-13, where the left and 
right sides of the mechanical branches are given by    and     respectively. 
 
Figure ‎4-13 The equivalent network after simplification.  
The total acoustical impedance of the mechanical section    of the transducer can then be 
calculated by: 
    
                             
                
 ‎4.90 
This impedance is transferred across the electromechanical conversion line to the electrical 
section, through the use of the conversion coefficient in Equation ‎4.52. The produced 
circuit is shown in Figure  4-14. The total impedance of the transducer,   , is calculated as 
follows: 
    
[(
  
  
)      ]    
(
  
  
)
  ‎4.91 
The total impedance has real and imaginary parts, which are represented by a complex 
form,     . The phase angle,  , is calculated as follows:  
       
 
 
 ‎4.92 
The effective electromechanical coupling coefficient,     , between the input electrical 
energy and the output mechanical energy can also be calculated from the impedance 
spectrum. By assuming that losses have a limited effect on the transducer frequencies and 
that the transducer has a high mechanical quality factor, the resonance,   , and anti-
resonance,   , frequencies can be used to calculate     . These frequency values can be 
obtained from the impedance spectrum,   , where the minimum value of the impedance 
spectrum occurs at    whilst the maximum value occurs at    of the specific mode of 
vibration. Therefore,      can be calculated as follows [119, 120]: 
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  ‎4.93 
 
Figure ‎4-14 Transfer the total acoustical impedance to the electrical branch.  
 
The total input current and the average input power can found from: 
 
    
   
   
 ‎4.94 
 ̂              ‎4.95 
 
The current divider is then used to calculate the current    across the transferred acoustical 
impedance  
  
  
, which is used to calculate the voltage    across this impedance as shown 
in the circuit of Figure  4-14. The following equations are used in these calculations: 
     (
   
 
  
  
)    ‎4.96 
    
  
  
    ‎4.97 
 
This voltage    is then transferred back to the mechanical branch, across the 
electromechanical transformer, by multiplying by the transformation coefficient   to 
represent the applied force of the piezoelectric region   . The mechanical network is 
shown in Figure ‎4-15, where the velocities between the regions (               ) are 
given by current loops (                    ), which can be calculated by applying 
Kirchhoff's current and voltage laws. The solution of the current loops is given in a matrix 
form as follows: 
[ ]
[
 
 
 
 
 
   
   
   
   
   
   ]
 
 
 
 
 
 
[
 
 
 
 
 
 
 
  
   
 
 ]
 
 
 
 
 
 ‎4.98 
where [ ] is: 
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(
 
 
 
 
 
 
                       
                            
                            
                            
       (        
   
  
)  
   
  
     
   
  
(
   
  
 
   
  
)
)
 
 
 
 
 
 
 
 
For the longitudinal output response, the current (       ) is transferred across the 
longitudinal conversion line to the L circuit. More current loops are created as shown in 
Figure  4-16. Kirchhoff's laws are applied to calculate the current      , which represents 
the longitudinal response velocity at the output surface of the transducer. A similar 
procedure is used with the T circuit. The current     is transferred through the torsional 
conversion line and the current loops are created as shown in Figure  4-17. Kirchhoff's laws 
are used once again to calculate the current      , which represents the torsional velocity 
response at the output surface of the transducer. Currents are functions of frequency and 
input voltage; therefore they can be used to calculate the output response for different 
levels of excitation. 
 
Figure ‎4-15 The current loops of the equivalent network.  
 
 
Figure ‎4-16 Current loops analysis of the L-circuit.  
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Figure ‎4-17 Current loops analysis of the T -circuit.  
4.6 Piezoceramic transducer losses 
Early analytical models of ultrasonic transducers considered the transducer as an ideal 
device where all types of losses are neglected [57, 121]. Later, when continuously 
generating power systems appeared, the study of these losses began [114]. The first 
introductions of losses were given through a resistance and a reactance at the electrical 
branch of the transducer. These losses are valid only at a specific frequency and at low 
levels of excitation. 
In general, there are three types of losses which are associated with ultrasonic transducers:  
dielectric (electrical) losses, piezoelectric (electromechanical) losses, and mechanical 
losses [122]. The dielectric and piezoelectric losses are associated only with the 
piezoelectric material, whereas the mechanical losses are associated with both the 
piezoelectric and the acoustical materials. The dielectric losses depend on the type of 
piezoelectric material and the level of driving voltage that is applied to the transducer. The 
piezoelectric losses are related to both stress and electrical field and are proportional to the 
piezoelectric loss tangent [122]. 
Finally, the mechanical losses include contact losses at the interfaces between the parts, 
frictional damping in the screw-threads and internal damping of the metal parts [123]. The 
effects of the contact losses can be represented by lumped resistance parameters between 
the regions in the equivalent network. In the case that the piezoelectric section is located 
near to the amplitude nodal plane, which is considered in the current design, the contact 
losses have negligible effect on the resonance frequency. This is reasonable with the 
assumption of flatness and smoothness of the part surfaces [123]. Moreover, the frictional 
damping effect of the screw-threads, which are located near to the nodal plane, is also 
assumed to be limited, and so, only the internal damping is considered in this analysis. 
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At high power, the effect of these losses becomes complex and depends on other factors. 
For example, the dielectric losses become nonlinear at large input power and the 
mechanical losses increase rapidly as the excitation level is increased. These losses become 
increasingly complex at high frequency excitation [124, 125]. However, there are methods 
available to formulate these losses at low excitation levels [88]. The losses considered can 
be introduced into the analytical model through the use of complex definitions of the 
material properties, here the imaginary components represent the losses or out of phase 
components in a linear form. This yields a better agreement with the experimentally 
measured results than would have been possible using only the real values of the constants. 
The complex form of material properties are defined as follows [59, 122, 126, 127]: 
 
     
      
            ‎4.99a 
    
      
             ‎4.99b 
   
       
             ‎4.99c 
    
                  ‎4.99d 
    
                  ‎4.99c 
 
where    
  is the elastic stiffness of the non-piezoelectric materials,     
  is the elastic 
compliance of the piezoelectric material at a constant electrical field and    
 ,     and 
    are the clamped dielectric permittivity, the piezoelectric constant in the thickness 
mode, and the electromechanical coupling constant for the thickness mode of a disc 
respectively.   ,   ,    are the elastic, dielectric, and electromechanical coupling factor 
loss tangents, these can be found in the manufacturer data sheets for the piezoelectric 
material or can be calculated from the quality factors as follows [63]: 
        
 
  
  ‎4.100a 
         
 
  
 ‎4.100b 
        
 
  
 ‎4.100c 
where   ,    and    are the Q-factors for the elastic stiffness constant, piezoelectric 
constant and dielectric constant respectively. The piezoelectric constant can also be 
calculated as follows [10, 128]: 
         
      ‎4.101 
where     is the voltage constant of the piezoelectric material. 
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4.7 Modelling of pre-stress effect 
The acoustical properties of the pre-stressed bolt are added stiffness and mass to the 
transducer. These effects are considered in the previously derived analysis. However, these 
are not the only effects of the pre-stressed load because the applied static pre-compression 
also results in a shift of the resonance and anti-resonance frequencies of the transducer. 
There are two possible explanations for this shift: the physical characteristics of the 
piezoelectric material are changed under compression and the contact conditions between 
the transducer parts are changed under pre-loading [129-131]. For effective analytical 
model, it is required that the modified constants of the piezoelectric material are 
considered. This is more practical than considering the contact conditions between the 
transducer parts [59]. 
4.8 Modelling of external loads 
In high power ultrasonics, the ultrasonic transducer is composed of piezoelectric elements 
sandwich between a metal front and back mass. The front mass is normally in contact with 
the external load while the back mass is usually free. Therefore for the operation of 
transducers, the load on the front mass should be considered, while the load on the back 
radiation face of the transducer can be ignored. As shown in Figure ‎4-10 in the complete 
equivalent network of the transducer, the load impedance        represents the reaction of 
the load on the output surface of the front mass. This changes for different ultrasonic 
applications and is particularly hard to determine in high power ultrasonics. However, an 
approximate expression can be used to calculate the load impedance value and is given by 
[132]: 
                         ‎4.102 
where   ,   ,   ,   , and   are the density, the  wave speed, the cross-sectional area of the 
load medium, the wave number and the length of the load medium, respectively. The 
length of the load medium depends on the application and is considered as the length of the 
tool used for ultrasonic drilling or machining applications. 
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4.9  Mathematica script 
The symbolic environment software, Mathematica, is used to solve the impedance 
equations of the transducer regions and to solve the equivalent electrical network. The 
program has the power and the flexibility to describe the variables in complex form. A 
script is written according to the flow chart which is shown in Figure  4-18. 
 
 
Figure ‎4-18 Flowchart for computing the equivalent network of the transducer.  
Start 
Input material properties, part dimensions 
and electrical excitation(s) 
Calculate the acoustic impedances of each region and construct the overall 
equivalent network. 
Simplify the acoustical branch circuit and transform of the equivalent acoustic 
impedance to the electrical branch. 
Calculate the network overall impedance. 
Calculate the resonance and anti-
resonance data.  
Calculate the input current and power for different excitations. 
Calculate the current and voltage across the equivalent acoustic impedance and 
transform the voltage to the acoustic branch. 
Plot the impedance spectrum and the 
phase diagram.  
Apply the current loops principles for the acoustical branch circuits and 
calculate the branch currents. 
Interpolate the results along the model length to 
plot the mode shape. 
Calculate the amplitudes of L and T at the output surface for different 
excitation levels. 
Plot the results. 
End 
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4.10 Summary 
In this chapter, the theory of one-dimensional wave motion in an elastic solid is used to 
create an analytical model for LT transducers which is used to calculate the 
electromechanical parameters. The equivalent circuit approach is employed to solve the 
wave equation through the principles set out by the one dimensional Mason’s model. This 
is applied to create the equivalent electrical network of the transducer. The coupling 
between L and T vibrational motions of the transducer’s front mass is analysed and 
represented by two separate equivalent circuits. The L and T response can be calculated 
using a Mathematica script that simplifies the network based on Kirchhoff’s laws. The 
model can predict the electrical impedance spectrum, the phase difference between the 
input voltage and current, the resonance and anti-resonance frequencies of the desired 
mode, the effective coupling coefficient of electrical and mechanical energy, the responses 
at the boundaries between the transducer parts, as well as, the input current, power, and 
output response for different excitation levels. The responses at the part boundaries are 
interpolated along the transducer model and the data is employed to plot the mode shape of 
the LT mode. This is used to locate the nodal plane and validate the numerical calculation 
that will be presented in chapter 5. 
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Chapter 5 Experimental analysis and results 
 
5.1 Introduction 
Computer modelling such as numerical and analytical models, have become more powerful 
for many aspects of analysis, design and product refinements. The current FE codes can 
provide accurate and precise results which can reduce the required time and cost of 
prototype testing, however they cannot totally replace the prototyping technique. It is 
difficult and even impossible to consider all parameters that may affect the accuracy of FE 
results such as uncertainty of material properties and manufacturing tolerances. The 
approximation methods of analytical modelling can also provide high uncertainty in 
calculations. Furthermore, there are difficulties in modelling certain aspects such as the 
dynamics of joints, damping, and boundary conditions. Therefore, it is important to 
validate the model through experimental analysis. 
In addition to validation purposes, experimental analysis is used to update computer 
models. It is also employed in troubleshooting to build an experimental model or to 
compute structural modifications and it can be used as a benchmark with which to 
understand the dynamic behaviour of a structure without the need to create complicated 
models. 
In the design of ultrasonic transducers, experimental tests such as experimental modal 
analysis (EMA), harmonic response analysis and electrical impedance analysis are used to 
extract the vibrational and electrical characteristics of the transducers. The results of such 
tests are employed to validate and update computer models as shown in the block diagram 
in Figure ‎5-1. 
In this chapter, two differently sized prototypes of the optimised LT transducer are 
fabricated in order to validate the size scaling feature and therefore the possibility of 
applying this design for different ultrasonic applications. An electrical impedance analysis 
is used to accurately measure the pre-stress on the piezoceramic components during the 
assembly process. Then it is utilised to extract the electrical impedance spectra which is 
used to calculate the resonance, anti-resonance frequencies, and the effective coupling 
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coefficient between electrical and mechanical energy. The impedance spectrum is also 
essential for electrically matching the prototypes to the power supply which is important in 
minimising the losses due to mismatching between devices. Additionally, the extracted 
data is used to validate the findings of analytical and FE models of electrical impedance 
spectra and the frequencies of the desired LT and the surrounding modes of vibration. 
The second experimental test is the EMA which is performed to extract the modal 
parameters (resonance frequencies and mode shapes) of all modes of vibration over a 
broad-band of excitation. The measurements are used to extract the resonance frequencies 
and the frequency spacing between the LT and surrounding modes as well as the mode 
shapes and the location of nodal planes along the structure of the prototypes. The extracted 
data is also used to validate the findings of the mathematical modelling. It is also possible 
to extract the damping coefficients of vibrational modes which can be used to update the 
FE models. However, the difficulty in specifying the excitation force prevents accurate 
estimation of these coefficients. Instead, harmonic excitation analysis based on a frequency 
sweep technique is used for this purpose. Harmonic analysis is employed to characterise 
the prototypes, where the measurements of frequency response are used to extract the 
magnitude of the responses at the output surface at different excitation levels. These data is 
used to validate the predictions of the mathematical models and to update the FE models 
for damping coefficients of the LT mode.  
The effectiveness of the design is assessed by the magnitude of the L response to a given 
input and the torsionality, previously defined as the ratio of torsional to longitudinal 
response at the output surface. The tangential component of the vibration at the tip edge is 
adopted as an approximation for T response amplitude; care should be taken to ascribe it 
only to T modes so as to avoid misinterpretation of F modes. The torsionality value gives 
the degree of degeneration of L vibration in the prototypes, where a value above unity 
indicates a transducer operating with dominant T behaviour and values below indicate a 
prevailing L motion. When the torsionality is one, the excursion at the edge of the horn tip 
describes a partial spiral with a helix angle of 45º indicating balanced LT interaction [16]. 
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Figure ‎5-1 Validation and updating of finite element model.   
5.2 Fabrication of LT transducer 
Piezoceramic rings are available in certain dimensions. Therefore the principles of size 
scaling, presented in section 3.9 are used to calculate the dimensions of two different sizes 
of the optimum FE transducer model. The fabricated prototypes are examined to 
characterise the performance and to validate and update the mathematical modelling of LT 
transducers. They are also used to validate the prediction of the size scaling study where 
the performance of the two prototypes, which are fabricated for 180º twisting angle of 
slots, is compared to the FE calculations. The key dimensions of these transducers are 
Initial design 
and FE modal 
analysis 
Optimised 
design 
FE dynamic 
analysis 
Fabrication of 
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shown in Table  5-1, in which the selected piezoceramic rings are supplied by CeramTec 
GmbH and PI Ceramic for transducers 1 and 2, respectively. 
Table ‎5-1 Dimensions of fabricated transducers.  
No. Transducers 
Piezoceramic 
rings type 
Outer 
diameter of 
rings (mm) 
Thickness of 
rings (mm) 
Transducer 
total length 
(mm) 
Diameter of 
output 
surface (mm) 
1 Transducer 1 Sonox
®
 P8 38 5 130.5 20 
2 Transducer 2 PIC 181 12.7 1.5 43 4 
 
In addition to the effect of materials and design factors, the performance of the fabricated 
prototypes largely relies on the fabrication processes which can be divided into two general 
steps, preparation and assembly. 
5.2.1 Preparation of transducer parts 
In the preparatory stage, the transducer parts (front mass, back mass, electrode rings and 
pre-stressed bolt) are fabricated, where the material properties are presented in Chapter 3. 
For both prototypes, the front masses are made from titanium alloy Ti-6-4 due to its low 
specific acoustic impedance which only produces a low loss of acoustic energy when 
acoustic waves pass through them. The back masses are made from low carbon steel which 
is heavier than the titanium alloy, so that as the acoustic impedance will be higher, more 
acoustic energy is guided toward the front mass. 
The pre-stressed bolt of size M12 for transducer 1 is fabricated according to international 
standard (ISO 262) from the titanium alloy due to its high tensile strength.  
A stainless steel (grade A) bolt of size M5 is chosen for transducer 2 because of the 
difficulty in fabricating a small size bolt. Both bolts are attached by washers to ensure a 
symmetrical distribution of the axial stress on the cross-sectional area of the piezoceramic 
rings. Finally, surface grinding treatments are applied to all contact surfaces of the 
transducer parts to ensure high surface quality which can enhance the mechanical coupling 
between the parts. The components of prototypes 1 and 2 are shown in Figures 5-2 and 5-3, 
respectively. An additional flange is added to the front mass of transducer 2 in order to 
simplify the mounting configuration during operation.  
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5.2.2 Assembly of transducer parts 
Assembly plays an influential role in transducer performance because a transducer is a 
multi-component system that resonates as a single object. Therefore it requires good 
electrical and mechanical contact between the components in order to reduce any energy 
losses due to improper assembly. In the assembly process, parts are first cleaned by 
acetone to remove any grease or oil from the surfaces and then assembled together 
carefully. Additional fabricated clamps are used to hold the assembled structure properly 
and to prevent unexpected movements during the pre-loading process. As the pre-stressed 
bolt is inserted inside the inner ring of the piezoceramic stack, insulation is required to 
avoid an electrical short circuit. Insulation tape of 0.1mm thickness is used to cover the 
pre-stressed bolt section where it is exposed to the inner piezoceramic rings. The 
piezoceramic rings are sandwiched by copper electrodes which are arranged so as to be 
mechanically in parallel but electrically in series. This is achieved by pointing the negative 
side of the first ring towards the front mass while its positive side is pointed towards the 
positive side of the second ring, after which its negative side is pointed to the back mass. 
The positive sides of both rings are, therefore, in contact with the middle copper electrode. 
An exploded schematic of the assembly of the transducer is shown in Figure  5-4. 
 
 
 
 
 
 
  
Figure ‎5-2 Components of transducer 1.  Figure ‎5-3 Components of transducer 2.  
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Figure ‎5-4 Exploded schematic of transducer assembling.  
5.3 Pre-loading of LT transducers 
Preloading is important for multi-component transducers to ensure that the components, 
particularly the piezoceramic rings, remain in compression during operation since they are 
inherently weak in tension. Controlling the preload is necessary because inadequate 
compression results in dynamic gapping at the interfaces of each joint, thus producing 
higher impedance and heating of the piezoceramic stack. On the other hand, excessive 
preload can depolarise the piezoelectric material and produce unstable impedance and 
ageing during operation. Piezoceramic materials can withstand pressures up to a few 
hundred MPa before breaking mechanically. However this limit should not be approached 
in practical applications. This is because depolarisation occurs at a pressure of about 20-
30% of the mechanical strength limit. It is therefore recommended that the stress applied to 
hard piezoceramic components is in the region of 15-30MPa [11, 133-135]. 
For Langevin transducers with a central pre-stressed bolt, the required preload on the 
piezoceramic ring stack is calculated by multiplying the value of recommended stress by 
the cross-sectional area of the rings. This load is, statically, equal to the tension load in the 
central pre-stressed bolt    [59]. The required torque    to be applied to the pre-stressed 
bolt is then calculated by considering the bolt geometry and the friction coefficients, using 
the following equation: 
     (
  
 
(
 
     
      )    
  
 
) ‎5.1 
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where    and    are the mean diameters of the bolt threads and the bolt head,   and    are 
the coefficients of friction in the threaded section and at the contact between the bolt head 
and back mass,    and    are the half angle of the screw thread and the lead angle, 
respectively [136-138]. 
Different stress values, ranging between 5-25MPa for transducer 1 and 5-30MPa for 
transducer 2, were tested and the calculated torques, calculated by Equation  5.1, were 
applied to the pre-stressed bolt of each prototype through sequenced steps as indicated in 
tables 5-2 and 5-3. The calculated torques was applied by using a gauged torque wrench. 
Two torque wrenches of various scales were used to accurately apply the torques for 
transducer 1, the first torque wrench (Norbar SL1, 8-54Nm) was used for steps 1 and 2 
whilst the second wrench (TRI FXL 200, 40-200Nm) was used for the other steps. For 
transducer 2, a torque driver (Britool TD50, 1-6Nm) was used for all steps [139-141].   
 The actual stresses on the piezoceramic components were calculated by measuring the 
generated charge in the piezoceramic stack during the preloading steps by using a short 
electrical circuit arrangement. In this circuit, a non-electrolytic capacitor of 1µF was 
connected to the electrical terminals of the piezoceramic stack and to a DC voltmeter with 
high internal resistance. A multi-meter (FLUKE 115) was used for this purpose, with 
internal resistance of 10MΩ. The generated charge was stored in the capacitor, allowing 
sufficient time to accurately measure the charge by measuring the generated voltage across 
the capacitor. At each step, the pre-stressed bolts were tightened quickly to prevent charge 
drop, which must otherwise be prevented by higher internal resistance of the voltmeter [11, 
136, 142]. The generated charge    in the piezoceramic stack was calculated by: 
      ‎5.2 
where   and   are the capacitance (in Farads) and the voltage across the capacitor (in 
Volts), respectively. The preload on the piezoceramic stack   for each step was calculated 
by using the charge constant of the piezoceramic rings in the thickness mode     as 
follows: 
  
  
      
 ‎5.3 
where    is the number of piezoceramic rings. The actual stress was then calculated by 
dividing the preload by the cross-sectional area of the piezoceramic ring. The test steps and 
the measured and calculated parameters for transducer 1 and transducer 2 are listed 
respectively in Tables 5-2 and 5-3. For both transducers, the difference between applied 
stress and the derived stress from the charge increased slightly with increased pre-stress 
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values. This may be partially related to the possible measurement tolerances in the multi-
meter and the torque wrenches. The reduction in measured stress can also be related to the 
increase in the piezoelectric charge constant     with pre-stress, which led to a reduction 
in the calculated preload, as indicated in Equation ‎5.3, and therefore in the derived stress 
[143]. However these differences are still within acceptable levels, which is a good 
indicator of success in using this circuit to measure the actual pre-stress on piezoceramic 
components. The test setup for transducer 1 is shown in Figure  5-5. 
 
 
 
 
Table ‎5-2 Pre-stressing calculations of transducer 1.  
Step 
Applied stress 
(MPa) 
Calculated 
torque (Nm) 
Measured 
voltage  
(V) 
Measured 
charge 
𝗑10-6 (C) 
Force 
(N) 
Derived 
stress 
(MPa) 
% diff. 
1 5 26.76 2.3 2.30 4,792 5.14 2.7% 
2 10 53.52 4.573 4.57 9,527 10.21 2.1% 
3 15 80.29 6.53 6.53 13,604 14.58 2.8% 
4 20 107.05 8.53 8.53 17,771 19.05 4.7% 
5 25 133.81 10.59 10.6 22,063 23.65 5.4% 
 
 
Table ‎5-3 Pre-stressing calculation of transducer 2.  
Step 
Applied stress 
(MPa) 
Calculated 
torque (Nm) 
Measured 
voltage  
(V) 
Measured 
charge 
𝗑10-6 (C) 
Force 
(N) 
Derived 
stress 
(MPa) 
% diff. 
1 5 0.65 0.25 0.25 472 5.05 0.9% 
2 10 1.30 0.5 0.50 943 10.09 0.9% 
3 15 1.96 0.76 0.76 1,434 15.34 2.2% 
4 20 2.61 0.96 0.96 1,811 19.38 3.1% 
5 25 3.26 1.203 1.20 2,270 24.29 2.8% 
6 30 3.91 1.53 1.53 2,887 30.89 2.9% 
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5.4 Experimental analysis of fabricated transducers 
The fabricated prototypes were experimentally analysed after assembly by three types of 
tests. The first type was the electrical impedance analysis which was used to evaluate the 
electrical properties of the transducers, the second type was the experimental modal 
analysis to extract the modal parameters, and the third type was the harmonic excitation 
analysis to characterise the performance at different levels of excitation. The measured 
data was used to validate and update the findings of the computer models. 
5.4.1 Electrical impedance analysis 
The electrical impedance magnitudes of the broad-band frequency were experimentally 
measured using an Agilent 4294A impedance analyser. The analyser was calibrated prior 
to performing the test and its impedance probe (PROPE 42941A) was connected to the 
terminals of the transducers which were unrestrained by being freely placed on a foam 
layer as shown in Figure  5-6 for transducer 1. A swept signal of 500mV over a selected 
bandwidth of frequency was applied and the impedance spectra with a phase change 
between voltage and current was measured. This analysis was used to further optimise the 
pre-stressing process whereby, after each preloading step, the transducers were connected 
to the analyser through which the magnitude of electrical impedance      and the series 
and parallel resonance frequencies,    and   , were measured for the desired LT mode. The 
applied electrical signal in this test was small enough to permit the assumption that    and 
   were equal to resonance and anti-resonance,    and   , frequencies, respectively. This 
assumption was discussed in section 3.3.3 of Chapter 3 and Equation 4.94 was used to 
calculate the effective electromechanical coupling coefficient     . This coefficient was 
used to evaluate the effectiveness of electrical to mechanical energy conversion by the 
fabricated transducers [12, 120]. 
The impedance analysis measurements were implemented for each preload step of 
transducers 1 and 2 and the results are presented in Figures 5-7 and 5-8, respectively. For 
the first few preload steps, where the applied torques were less than the recommended 
range, the electrical resonance and anti-resonance frequencies of the LT mode increased 
with the applied torques. The rate of increase slowed as the applied torque reached the 
recommended range, indicating that electrical stability of the transducer had been reached. 
The stable values for the resonance frequencies for transducers 1 and 2 were reached for 
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torque values above 80Nm and 3.2Nm, respectively. As seen in Table  5-2 and Table  5-3, 
these torque values are equivalent to respective pre-stresses of 15MPa and 25MPa. 
Therefore they are considered the minimum values for producing the required compressive 
stress for the piezoceramic stacks. The change in electrical resonance and anti-resonance 
frequencies and the effective coupling coefficient corresponding to different applied 
torques for transducers 1 and 2 are presented in Figure  5-9 and Figure  5-10, respectively. 
The desirable stable resonance frequency and highest coupling coefficient can be achieved 
at torque values of 133.8Nm for transducer 1 and 3.26Nm for transducer 2, where the pre-
stress on the piezoceramic stacks of both prototypes is approximately 25MPa. Therefore, 
these values were used as the optimum torques for the fabricated transducers. 
In order to check that the pre-stressed bolts can withstand the applied torques, the 
generated tensile and shear stresses are calculated, with the elastic properties of each bolt, 
and are used to find its design safety factor. The safety factor is defined as the ratio of the 
tensile-shear stress combination (Von Mises stress) generated by pre-loading to the yield 
strength of the bolt material. For optimum values of torques, safety factors of 3.2 and 4 
were calculated for the pre-stressed bolts of transducers 1 and 2, respectively. These values 
are high enough to prevent any failure in the bolts during transducers operation [11, 144, 
145]. 
 
 
 
 
 
Figure ‎5-5 Preload setup of transducer 1.   Figure ‎5-6 Agilent 4294A Impedance 
analyser.  
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Figure ‎5-7 Experimental electrical 
impedance magnitude of transducer  1 for 
different applied torque.  
 Figure ‎5-8 Experimental electrical 
impedance magnitude of transducer 2 for 
different applied torque.  
 
 
 
Figure ‎5-9 F r, Fa and kef f of transducer 1 
for different applied torques. 
 Figure ‎5-10 F r, Fa and kef f of transducer 2 
for different applied torques. 
5.4.1.1 Evaluation of FE model 
Further investigation of transducer 1 was conducted by using the impedance analyser to 
validate the FE model. A comparison between FE estimations and experimental findings of 
the electrical impedance spectra and the phase change for LT and T modes of vibrations is 
presented in Figure  5-11. The FE prediction was calculated by simulating an excitation 
across the piezoceramic rings in a steady state dynamic analysis step. The calculated 
reactive electrical nodal charges on the positive electrodes of piezoceramic rings were used 
in Equations 3.29 and 3.30 of Chapter 3 to calculate the magnitude of the electrical 
impedance and the electrical phase difference. The resonance frequencies for the LT mode 
from the FE and experimental results are in good agreement which indicates that, at low 
excitation levels, the FE assumptions of materials properties, interaction between parts and 
boundary conditions are accurate. This correlation also suggests that the preparation, 
assembly and preloading steps of fabricated transducer 1 are sufficient to ensure good 
contact between parts. However, there was a difference in impedance magnitude which is 
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significant at the anti-resonance frequency. Also the frequency difference for the anti-
resonance frequency suggests that the FE model is unable to predict all electromechanical 
parameters. The other limitation of the FE model was the need for powerful computing to 
calculate the electrical impedance spectra. 
 
  
Figure ‎5-11 Experimental and FE impedance spectra magnitude (left) and the phase diagram 
(right) for transducer 1.  
5.4.1.2 Evaluation of the analytical model 
The principles of the equivalent circuit approach, which was presented in Chapter 4, were 
used to predict the electrical impedance and phase diagrams for the analytical model of the 
fabricated transducers. For transducer 1, the calculated impedance magnitude and phase 
diagram were compared to the experimental findings shown in Figure  5-12, where the 
results indicate a considerable frequency difference between these results. The 
experimental data is at a lower resonance and anti-resonance frequency. This can be related 
to the reduction in stiffness of the front mass due to the creation of slots. This effect was 
not considered in the calculation in the analytical model. Similar results can be noted in 
connection with the calculation of transducer 2, for which the frequency difference is 
shown in Figure  5-13. From these results, a linear relationship between the reduction of 
stiffness due to slitting and the size of front mass was defined, with the relationship 
constants calculated from the measured impedance data. The linear relationship was then 
applied to the stiffness definition in the analytical model of transducers 1 and 2. The 
corrected data are re-plotted as shown in Figures 5-14 and 5-15. 
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Figure ‎5-12 Experimental and analytical impedance spectra magnitude (left)  and the phase 
diagram (right) for transducer 1 .  
  
Figure ‎5-13 Experimental and analytical impedance spectra magnitude (left)  and the phase 
diagram (right) for transducer 2.  
This linear assumption shifted the analytical calculation of impedance to match the 
measured results for both transducers. However this assumption would need to be checked 
for other, differently sized, transducers. As this relationship is only connected to the 
frequency shifting of the vibrational mode and not of the impedance magnitude, it is 
possible to carry out a check by comparing it with the FE findings for other differently 
sized transducers. This is shown in Figure  5-16. An excellent correlation between the 
analytical and FE results was noted, illustrating another advantage of the use of analytical 
model as an initial design tool rather than as a validation tool. The analytical code was 
developed to make it possible to check the electrical parameters as well as the resonance 
frequencies for LT transducer models, by providing the material properties and the 
thickness and number of piezoceramic rings required. The code calculates the 
recommended dimensions of other parts of the LT transducer and the piezoceramic rings 
inner and outer diameters. It is also possible to adjust the available dimensions of 
piezoceramic rings so as to match the general size criteria of the transducer design. 
The corrected analytical calculations and the experimental data of the electromechanical 
parameters are listed in Table  5-4. Excellent correlation in terms of resonance and anti-
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resonance frequencies can be noted. The impedance magnitudes at resonance are also well 
predicted in analytical models. However, there was poor correlation between predicted and 
measured values of impedance magnitude at the anti-resonance frequency, particularly for 
transducer 2. Nevertheless, these values do not affect the proposed modelling approach as 
the designed LT transducers are set to operate at resonance conditions. The difference 
between predicted and measured effective coupling coefficients is related to the application 
of the manufacturer data for piezoceramic properties in the analytical model. These 
represent the maximum values of the properties and can change for several different 
reasons. 
Finally, it should be noted that the analytical model is based on the one-dimensional wave 
equation. Therefore it can only calculate the impedance for L and, in this study, the 
degenerated LT mode. Although the FE model can predict all modes of vibration which 
may be considered an advantage when compared to the analytical model, this factor must 
be balanced against the inaccuracies in impedance values for the LT mode estimated from 
the FE model, as shown in Figure ‎5-11.  
Table ‎5-4 Analytical and experimental data of transducers 1 an d 2.  
 Transducer 1 Transducer 2 
 |Z|min 
(Ohm) 
   
(Hz) 
|Z|max 
(Ohm) 
   
(Hz) 
     
|Z|min 
(Ohm) 
   
(Hz) 
|Z|max 
(Ohm) 
   
(Hz) 
     
Analytical 
29.98 19,283 150,825 19,803 0.23 45.5 57,157 108,735 58,890 0.24 
Experimental 
28.49 19,337 170,829 19,785 0.21 75 57,177 58,143 58,392 0.2 
% diff. 
5.2% 0.3% 11.7% 0.1% 9.5% 39.3% 0.0% 87.0% 0.9% 20.0% 
 
  
Figure ‎5-14 Experimental and corrected analytical impedance spectra magnitude ( left) and 
the phase diagram (right) for transducer 1 .  
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Figure ‎5-15 Experimental and corrected analytical impedance spectra magnitude (left) and 
the phase diagram (right) for transducer 2.  
 
  
Figure ‎5-16 Corrected analytical and FE prediction of LT frequencies for different sizes of 
transducer, resonance frequency (left) and anti-resonance frequency (right).  
 
5.4.2 Experimental modal analysis 
Experimental modal analysis (EMA) is a testing process to accurately estimate the modal 
parameters of a structure. In general, this process is carried out through two different 
measurement techniques that depend on the excitation methods; namely, free and forced 
vibration techniques. The free vibration technique is used to measure the natural 
vibrational response of a structure; it is normally used in studying large structures such as 
bridges to yield the natural frequencies and the modal damping factors of the structure. 
The forced vibration technique is used to measure the structural response for a given 
excitation force which can be applied by a number of different mechanisms such as a 
hammer or an electromagnetic shaker. The collected data of input excitation and output 
response are converted from the time domain to the frequency domain in order to create a 
frequency response function (FRF). A FRF expresses the response amplitude to an applied 
force as a function of frequency, thus representing a practical tool to extract modal 
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damping, natural frequencies and mode shapes of the structure. FRF can also be presented 
as the ratio of velocity response or acceleration response to an input force. 
In the ultrasonic transducer, the input electrical signal is regarded as the applied excitation 
which converts into mechanical motion at the piezoelectric component(s). The 
experimental setup of EMA for ultrasonic transducers comprises of the signal generator, 
power amplifier, laser vibrometer, data acquisition and PC. The signal generator feeds the 
excitation signal into the power amplifier which then amplifies and inputs to the transducer 
and causes the vibration. The transducer response is measured by the laser vibrometer, 
which collects and analyses the acquired signals through data acquisition hardware 
interfaced to the PC. The visualisation of the mode shapes of the whole transducer requires 
the recording of multiple measurements from a grid of points covering the transducer 
surface. Therefore, the density of the grid points should be sufficient to enable all mode 
shapes within the test frequency range to be identified. In the present work, the measured 
results were used to extract the modal parameters and to validate the equivalent predicted 
parameters by FE and the analytical models for the LT and surrounding, F and T, modes. 
The test steps were performed as described below: 
5.4.2.1 Excitation signals 
The excitation signal for the EMA can be generated by three different methods, depending 
on the requirements of the test; these are the periodic, transient and random methods. 
However, EMA for ultrasonic devices uses the periodic or the random method to generate 
a swept sine signal or a true random signal, respectively. Although the response of an 
ultrasonic device under periodic excitation can be identically related to the excitation 
signal, random excitation is more common because it excites all frequencies at the same 
time and can be easily implemented. 
5.4.2.2 Boundary conditions 
The boundary conditions, which could be either free or grounded conditions of the 
vibrating structure, significantly affect the experimental results. Free conditions require no 
fixture to the ground at any point on the structure, which is an ideal state, whilst, in 
grounded conditions, the structure is rigidly fastened to a non-vibrating base. The grounded 
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conditions are normally used for large scale structures which cannot be suspended or for 
structures governed by operating conditions closer to grounded conditions. 
For relatively small structures, such as ultrasonic transducers, it is possible to imitate free 
conditions by using unrestrained supports. This condition can be achieved by supporting or 
suspending the structure by soft elastic materials, such as soft spring, sponge or elastic 
string, as long as the structure’s stiffness is not affected. It is also possible to minimise any 
possible stiffness effects of these materials by holding the supports in normal relation to 
the direction of motion excitation or, in the suspending case, by clamping the structure at 
the nodal points. 
5.4.2.3 Measurement instruments 
A wide variety of instruments can be used to measure the response of vibrating structures. 
They can be categorised into two general groups, contact and non-contact instruments. 
Traditional contact instruments, which include force transducers, accelerometers and 
impedance heads, need to be attached to the structures. However this attachment will 
introduce a mass loading which can lead to damping and stiffness errors particularly for 
small structures. Other disadvantages of contact instruments are related to the time 
consumed by the positioning, attaching and calibration processes and also to the limitations 
of testing bandwidth and work environments [146]. 
Non-contact instruments are non-invasive devices which do not change the properties of 
the vibration structures. Therefore they are widely employed in vibrational measurements 
of ultrasonic devices. This group includes laser Doppler vibrometers (LDV), ultra-high 
speed cameras and speckle interferometry instruments. In the current work, a 3D LDV was 
used, which is capable of measuring three vibrational response components, two in plane 
and the third out of plane of the structural surface. 
5.4.2.4 Data processing 
In general, a spectrum analyser is used to extract and display the frequency response 
function by collecting, digitising and transforming the measurement time domain signals to 
frequency domain which can then be displayed on a monitor. Spectrum analysers can vary 
depending on the sampling rate and the resolution of the frequency spectrum. 
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The data collected from the measuring instruments are in analogue signal forms; these 
signals are first filtered to ensure that there was no aliasing of high frequency signals into 
the analysis frequency range. The next step is to digitise the data in a digital representation 
form; this is achieved by using an analogue to digital converter (AD) which controls the 
resolution of the digitised signals to resemble the sampling rate parameter. The signals are 
then transformed from time domain to frequency domain by using Fast Fourier Transforms 
(FFT), a process which requires the data to be recorded as a set of discrete values spaced 
over a period of time, i.e. as periodic repetition data. For random excitation, the collected 
data takes the form of non-periodic signals, which, when used directly in the FFT process, 
leads to a data leakage problem causing serious distortion of the results in the frequency 
domain. The leakage result can be effectively minimised by the imposition of weighting 
functions (windows) prior to the FFT process. These functions cause the sampled data to 
appear in a form more satisfactory to the periodicity requirements of the FFT. Different 
windows functions are available for time domain signals such as rectangular, hanning and 
exponential, with each function having its area of application. For continuous signals such 
as steady state periodic or random, the hanning function is commonly used. 
When the measured data is discretised into samples by the weight functions technique, part 
of each sample, generally at the boundary between two samples, will be ignored because of 
it contains low values. This circumstance creates the possibility of important analysis data 
being omitted. To overcome this problem, it is possible to use overlapping correlation, 
whereby the sampling can start before the previous record has finished. This mechanism 
will prevent loss or discontinuity of data and reduce the total time needed to acquire data. 
The application of the correlation technique can change the statistical properties of the 
collected data as it is possible for data points from one record to appear in the following 
record. Therefore, a data averaging process is used to ensure reliability of obtained results, 
in cases where a number of individual records are compared and averaged by a specific 
technique such as peak hold, exponential or linear averaging. This process can also 
improve results by removing random noise from the signals. 
In the present work, the sample frequency of the spectrum analyser was 204.8kHz and the 
number of spectral lines used was 51200, giving a resolution of 1.56Hz over a frequency 
range of 0-80kHz. 
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5.4.2.5 FRF curve fitting 
The EMA of grid points over the transducer structure produces a set of FRFs which need to 
be fitted when a curve fitting technique is employed to calculate the modal parameters 
from the measurement data. ME'ScopeVES ver.5.2., which stands for Mechanical 
Engineering Oscilloscope - Visual Engineering Series, was used as a post-testing analysis 
tool for curve fitting and displaying the modes of vibration in a 3D computer model. 
5.4.3 Evaluation of FE model for transducer 1 
The EMA setup for transducer 1 is shown in Figure ‎5-17. The test was carried out by 
exciting the transducer, using a random excitation signal generated by a signal 
generator/analyser, Data Physics Quattro DP240. The excitation signal was then amplified 
by a power amplifier, ETS Solutions HFVA-62, before exciting the transducer. The 
vibration velocity response from a grid of measurement points over the transducer was 
measured by using a 3D LDV, Polytec CLV 3000. The measurement grid consisted of four 
equally spaced axial lines around the transducer circumference, each with 23 grid points on 
the transducer surface, which were located as shown in Figure ‎5-17. Data acquisition 
software, SignalCalc 240 from Data Physics Corp., was specialised to produce the FFTs, 
which were then exported to the specialised modal extraction software, ME'ScopeVES, 
Vibrant Technology Inc, for curve fitting and mode shapes extraction steps. 
The normalised modal peaks functions of EMA of transducer 1 are shown in Figure ‎5-18 
where it can be noted that the frequency spacing between modes is sufficient to prevent 
any unwanted modal coupling. The LT mode resonance frequency is 19,344Hz whilst the 
resonance frequency of the nearest F and T modes are 16,300Hz and 22,387Hz, 
respectively. This gave frequency separation of 16% between the LT and these modes. The 
EMA mode shapes of these three modes are used to validate the FE prediction as shown in 
Figure ‎5.19. There is a high correlation in the mode shape and resonance frequencies 
between the experimental and FE findings. This suggests that the FE model assumption as 
to material properties, interactions and boundaries were accurate. There is a difference of 
9% in estimating the resonance frequency of the torsional mode, which suggests in turn 
that the model is slightly stiffer in torsion than the fabricated transducer. However, this is 
related to the ties of the boundary in the model which provide higher constraint than the 
real mechanical interfaces. This shortcoming is not extended to the frequencies of the F or 
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LT modes, in which the assumption of a perfect tie at boundaries was more realistic. The 
mismatches between predicted and extracted frequencies of these modes are being only 2% 
and 0.4%, respectively. 
 
 
 
 
 
  
Figure ‎5-17 EMA setup for transducer 1 (left) and grid points along the transducer (right).  
 
 
 
Figure ‎5-18 Normalised modal peaks functions of EMA for transducer 1.  
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5.4.4 Evaluation of the FE model for transducer 2 
Similar measurement steps for transducer 1 were used for transducer 2 and the normalised 
modal peaks functions of EMA are shown in Figure ‎5-20. The resonance frequency of LT, 
F and T modes are 57,964Hz, 48,959Hz and 64,079Hz, respectively. These results gave 
frequency separations of 16% between T and LT mode and 12% between LT and F modes, 
which are also sufficient to prevent any unwanted modal coupling. The mode shapes are 
also used to validate the FE findings, in which excellent correlation in mode shapes can be 
noted, as shown by Figure ‎5-21. The resonance frequencies of the FE model are 
comparable to the experimental results and the differences for F, LT and T mode are 0.5%, 
0.8% and 1.7%, respectively. It should be noted that the predicated frequency of the T 
mode for transducer 2 is much closer to the measured value than that of transducer 1. This 
may be related to the fact that, as the cross-sectional area of transducer 2 is small, the 
effect of ties assumption at boundaries between parts is minimised. 
 
 
 
 
 
 
(a) F mode EMA (16,300Hz). 
 
(b) LT mode EMA (19,344Hz). 
 
(c) T mode EMA (22,387Hz). 
 
(d) F mode FE (16,624Hz). 
 
(e) LT mode FE (19,431Hz). 
 
(f) T mode FE (24,423Hz). 
Figure ‎5.19: Normalised mode shapes of EMA and FE of transducer 1.  
CHAPTER 5 EXPERIMENTAL ANALYSIS AND RESULTS                                                              121 
 
 
Figure ‎5-20 Normalised modal peaks functions of EMA for transducer 2.  
 
 
 
 
(a) F mode EMA (48,959Hz). 
 
(b) LT mode EMA (57,298Hz). 
 
(c) T mode EMA (64,079Hz). 
 
(d) F mode FE (49,215Hz). 
 
(e) LT mode FE (57,759Hz). 
 
(f) T mode FE (65,188Hz). 
Figure ‎5-21 Normalised mode shapes of EMA and FE for transducer 2.  
 
5.5 Evaluation of the analytical model for transducer 1 
It is possible to calculate the vibration response distribution along the transducer structure 
by using the analytical model findings. The amplitude response of the analytical model was 
calculated from the loop current in each region of the equivalent network, which was 
presented in section 4.6. The loop currents represent the mechanical velocity at each 
regional surface. An interpolation calculation was then used to yield the velocity and 
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subsequent displacement at specified grid points along the length of the transducer. The 
combination of L and T amplitude response for the LT mode of the analytical model are 
presented in Figure ‎5-22. These results show good correlation with the FE and EMA 
results in terms of resonance frequency, location of nodal plane, torsionality and the 
amplitude response distribution. The results suggest that analytical model can serve as an 
easy tool for predicting the mode shape and confirming the FE findings prior to 
fabrication. Also, for all predicted and measured results, the position of L vibrational nodal 
plane of the LT mode are located in very close agreement; thus analytical model can help 
to identify the securing region of the transducer with confidence prior to fabrication. It 
should be noted that the nodal planes of the L and T vibrations coincide in the analytical 
model results, whilst there is slight separation between them in the FE and EMA results. 
This variation is due to the factor of wave reflection in these results, producing a 
combination of the L and T vibrations in the piezoelectric stack and the back mass of the 
transducer. This reflection is not considered in the analytical model.  
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(a) Analytical model 
 
(b) FE model 
   
(c) Experimental measurements. 
Figure ‎5-22 Normalised amplitude for (a) analytical model L -T mode, (b) FE model L-T, T 
and F modes, and (c) experimental measurement of L -T, T and F modes.  
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5.6 Power harmonic analysis 
A frequency sweep method consisting of a constant voltage signal was used to excite the 
fabricated transducers within a narrowband frequency range. This method excites the 
transducers over a short period of time at each specified frequency through a burst of a 
finite number of cycles. An upward sweep technique of the burst signal was used which 
includes a time delay between each frequency sweep to ensure minimum increase in 
temperature within the piezoceramics components during the excitation and so to avoid 
frequency shifts associated with increased temperature. The signal, which was set in the 
Labview software as RMS voltage, was generated by a function generator, Agilent 3322A, 
and magnified by a power amplifier, ETS Solutions HFVA-62, before exciting the 
transducers. A 3D LDV was used to measure the velocity response at a circumferential 
point on the output surface of each transducer (point 1 in Figure ‎5-17). National 
Instruments data acquisition hardware and interface in conjunction with Labview software 
was used to coordinate the experiment and data collection. Also, an oscilloscope, 
Tektronix DPO 7054, was used to view the current and voltage responses. A set of data for 
current, voltage, power and response amplitude were measured during the steady state 
vibration as shown in Figure ‎5-23. 
 
Figure ‎5-23 Burst response of current [68]. 
The measurement data of transducer 1 is presented in Figure ‎5-24, for excitation levels 
which fall within the range of 5-70Vrms. In general a slight shifting of resonance frequency 
can be noted when the excitation levels are increased. This can be related to the 
temperature increase within piezoceramic elements that alters their properties. As the 
swept frequency approached the resonance condition, a drop in the input voltage was 
observed. This occurred because the transducer was connected in parallel to the amplifier, 
where its input voltage is equal to the amplifier excitation voltage minus the voltage in the 
internal resistance of the amplifier. This internal voltage increases with the rise of 
excitation as more current passes towards the transducer, so that the difference between the 
CHAPTER 5 EXPERIMENTAL ANALYSIS AND RESULTS                                                              125 
 
input and excitation voltages is increased at higher excitation. In these figures, the 
electrical input power is calculated by the RMS of the input currents and voltages. 
The measured L and T responses were used to extract the torsionality over the specified 
range of frequency. The torsionality showed an approximately constant value of 0.55 for 
different levels of excitation, which is an advantage of this design approach. This value is 
less than the predicted torsionality, of 0.64, which can be related to the approximation in 
modelling methods and the consideration of the tangential component as a torsional 
component in the measurement technique which is discussed in section 5.1. The linear 
reduction of torsionality across the frequency range through resonance is related to the 
vibrational behaviour of the transducer structure when excited at frequencies away from 
the resonance frequency. Also, the slight drop in torsionality at resonance conditions with 
relatively high excitation can be related to the shifting effect of the resonance frequency. 
 
 
(a) Input current. 
 
(b) Input voltage. 
 
(c) Input power. 
 
(d) L response. 
 
(e) T response. 
 
(f) Torsionality. 
Figure ‎5-24 Experimental harmonic analysis data for transducer 1.  
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A similar test setup was used for transducer 2 and the extracted data is presented in 
Figure ‎5-25. There are similarities in response behaviour between these two transducers 
which can be considered the mark of the success of the scaling approach that was used for 
this transducer. The approximate value of torsionality over the excitation levels is 0.72. 
This value is higher than the torsionality of transducer 1, which suggests that the modelling 
approach in estimating the torsionality in the size scaling study is not highly accurate. 
However, the higher torsionality is desirable in such a design and therefore is considered 
an advantage for small sized transducers. 
 
 
 
 
(a) Input current. 
 
(b) Input voltage. 
 
(c) Input power. 
 
(d) L response. 
 
(e) T response. 
 
(f) Torsionality. 
Figure ‎5-25 Experimental harmonic analysis data of transducer 2.  
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5.7 Evaluation of the analytical model 
The peak values of input electrical current and power calculated by the analytical model 
are compared to the experimental results for transducers 1 and 2, as shown in Figures 5.26 
and 5.27, respectively. In general, there is a linear relationship and excellent correlation 
between predicted and measured data at low excitation levels. However, the results show 
divergence at higher excitation where the experimental results being consistency lower. 
The divergence can be explained by the fact that a reduction in measured current results 
from a non-linear increase in mechanical and dielectric losses at higher excitation as well 
as due to the changes in piezoceramic properties at elevated temperatures. These results 
suggest that the analytical model can predict the electrical behaviour of the transducer 
accurately at lower excitation levels when the piezoelectric linear behaviour is dominant, 
whilst at higher excitation levels the non-linear behaviour is influential. These effects can 
also be seen clearly in the power curves where the results of input power of the analytical 
model and experimental measurements are plotted for the same range of excitation. 
 
  
Figure ‎5-26 Input current (left) and power (right) at different excitation levels for transducer 
1. 
  
Figure ‎5-27 Input current (left) and power (right) at different excitation levels for transducer 
2. 
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5.8 Dynamic evaluation of the analytical and FE models 
Linear dynamic behaviour through the FE model of an LT transducer was predicted by 
simulating different levels of potential difference across the piezoceramic rings in a steady 
state dynamic analysis step. The peaks of the response amplitude for L and T vibration, 
and therefore the torsionality, were then calculated at a circumferential point on the output 
surface. In this model, Rayleigh global (structural) damping is utilised. It has two damping 
constants,   and  , which can be related to the damping ratio, ξ, by the following 
expression: 
[ ]   [ ]   [ ] ‎5.4 
  
 
  
 
  
 
 ‎5.5 
where [ ], [ ] and [ ] are the structure damping matrix, structure mass matrix and 
structure stiffness matrix, respectively,   is the damping ratio and   is the angular 
excitation frequency. The   component of the expression relates to viscous damping and 
its influence decreases as the frequency of vibration increases, whilst the   component is 
the hysteresis or stiffness damping component and its influence increases as the frequency 
increases. Therefore, at frequencies of concern in ultrasonic devices, the value of the   
component is found to be insignificant and can be classified as negligible. When  harmonic 
excitation is considered, the   component can be modelled as a function of angular modal 
resonance    and mechanical quality factor    of the structure damping, as follows [84]; 
  
 
    
 ‎5.6 
The value of    can be determined experimentally by using the half power bandwidth 
formula for frequency response curves where the curves of Figures 5-21d and 5.22d were 
used to calculate the mechanical quality factor for transducers 1 and 2, respectively [147]. 
The peaks of the response amplitude of the predicted model and the experimental 
measurements are plotted for different levels of excitation, as shown in Figures 5-28 and 5-
29 for transducer 1 and transducer 2, respectively. The analytical and FE model 
calculations show a linear trend but slightly divergent for increasing excitation levels. 
There is good correlation between the mathematical and the experimental data, particularly 
at low excitation. However, experimental results exhibit a nonlinear response at higher 
excitation levels due to the relative motion between the real transducer components and the 
nonlinear relationship between the strain and electrical field in the piezoceramics. For 
transducer1, the torsionality calculated from the analytical model results is 0.65 across the 
CHAPTER 5 EXPERIMENTAL ANALYSIS AND RESULTS                                                              129 
 
entire range of excitation levels, which is highly consistent with the original design stage 
FE model prediction of 0.64. The torsionality calculated from experimental response data 
is about 10% lower than these predictions but is also nearly constant across the excitation 
level range. For transducer 2, similar behaviour of response amplitudes can be noted. 
However the torsionality from experimental results is 0.72 across the excitation levels, this 
is higher than the mathematical prediction, which relates to the uncertainty in the 
mathematical model for a size scaling approach. 
The similarity in response and power behaviour for these two different size LT transducers 
suggests that the scaling size method can provide different transducers which fit a wide 
range of ultrasonic applications with similar performance characteristics. 
 
 
 
 
 
   
  
 
 
Figure ‎5-28 Peaks response of (a) L (b) T and (c) torsionality for var ied excitation for 
transducer 1.  
 
 
0
2
4
6
8
0 10 20 30 40 50
D
is
p
la
ce
m
en
t 
(µ
m
) 
Excitation (V) 
Analy.
FEA
Exp.
0
2
4
6
0 10 20 30 40 50
D
is
p
la
ce
m
en
t 
(µ
m
) 
Excitation (V) 
Analy.
FEA
Exp.
0.40
0.50
0.60
0.70
0.80
0 10 20 30 40 50
T
o
rs
io
n
a
li
ty
 
Excitation (V) 
Analy.
FEA
Exp.
CHAPTER 5 EXPERIMENTAL ANALYSIS AND RESULTS                                                              130 
 
  
 
 
Figure ‎5-29 Peaks response of (a)  L (b) T and (c) torsionality for vari ed excitation for 
transducer 2.  
5.9 Summary 
Fabrication steps and an experimental testing process for different sizes of LT transducers 
have been presented in detail. The fabrication process is classified into manufacturing and 
assembly steps of the transducer parts, which showed significant influence on the 
performance of the fabricated prototypes. The testing process included electrical 
impedance analysis to extract and validate the electromechanical parameters, experimental 
modal analysis to extract and validate the modal parameters, and power harmonic analysis 
to characterise and validate the transducer performance at different levels of excitation.    
The electrical impedance analysis demonstrated the accuracy of the analytical model for 
electrical impedance spectra, phase difference and resonance and anti-resonance 
frequencies of the desired LT mode. The EMA results showed high correlation with the FE 
model in terms of calculating the modal parameters and locating the nodal plane along the 
transducer structure. The results also revealed that the frequency spacing between the LT 
and unwanted surrounding modes is sufficient to prevent modal coupling during transducer 
operation. Furthermore, the analytical prediction is extended to calculate the distribution of 
response amplitude along the transducer structure which is also validated with high 
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correlation by the EMA. The results suggest that, for future designs of LT transducers, it is 
possible to validate the FE findings of the mode shapes and location of the nodal plane of 
the desired LT mode by analytical modelling prior to fabrication. 
The accuracy of predicting the linear dynamic behaviour of LT transducers at low 
excitation levels is confirmed by the harmonic analysis. This analysis was initially used to 
characterise the fabricated prototypes at different levels of excitation and to update the FE 
model for damping parameters. At relatively low levels of excitation, the high correlation 
between analytical and FE data for electrical current and power is mainly due to 
consideration of the linear loss forms in the definition of piezoelectric materials. The main 
variation, however, in experimental measurements at high excitation levels is related to the 
nonlinear behaviour of piezoceramic components due to increase in temperature. Overall, 
the results suggest that the combination of FE and analytical model can provide accurate 
predictions for different parameters of LT transducers. In addition, the size scaling study 
proved a significant feature of this design approach which can allow design of different 
sizes with similar performance characteristics. 
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Chapter 6 Case study: design of LT ultrasonic drill 
 
6.1 Introduction 
The combination of longitudinal and torsional vibration is considered an essential 
improvement in ultrasonic drilling. As discussed in Chapter 2, incorporating the torsional 
vibration into a longitudinal ultrasonic drill can increase the drilling rate by 10 times. 
Therefore, the developed approach of generating in LT mode is utilised in this chapter to 
design a novel LT ultrasonic drill. The design of transducer 2, which is discussed in 
chapter 5, is modified to an LT drill by increasing the number of piezoceramic components 
to four so as to increase the output power. In addition, the twist angle of slots is changed to 
240º, which is the value of producing maximum torsionality as predicated in Figure 3.16d 
of section 3.6. The diameter of the fixture flange is increased and a new fabricated plastic 
housing is used to secure the transducer. Finally, a new exponential horn is designed, to be 
used as a drill bit with its first longitudinal mode set to resonate at the frequency of the LT 
mode of the modified transducer. The L resonance mode of the horn will amplify the L 
response of the LT transducer with no equivalent amplification for the T response; 
therefore, the torsionality at the output face of the drill will be degraded. However, this 
reduction in torsionality can be calculated and separated from any other possible reduction 
which may occur due to the change in operating conditions.  
A design procedure, similar to that used for transducers 1 and 2 in Chapter 5, was 
employed to design the LT drill. The FE model was used first to model the initial design, 
predict its modal parameters, and estimate the linear response amplitudes and torsionality 
for different levels of excitation. The analytical model was then used to predict the electro-
mechanical parameters and the electrical impedance spectrum for the optimum FE model. 
Finally, the drill model was fabricated and tested for electrical impedance analysis, EMA, 
and power harmonic analysis, with different boundary conditions (free and loaded) set to 
evaluate the drill performance. The response and torsionality near the output surface were 
used as evaluation criteria in this study. Therefore, the main focus of this chapter is on 
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describing the design methodology adopted in the work to design an LT drill which can be 
tested under different operating conditions. 
6.2 FE model of LT drill 
The exponential horn was modelled from titanium alloy Ti-6-4, as shown in Figure  6-1, 
where the L mode resonates at 52,171Hz and the amplification (gain) of the vibration 
amplitude is 2.3. Therefore, the torsionality of the LT transducer was expected to be 
reduced to 0.43 of its value when the horn is connected. The complete FE model of the LT 
drill is presented in Figure ‎6-2, in which a section of the housing frame is removed to show 
the inside parts. An eigenmode extraction procedure was executed to examine the mode 
shapes, the natural frequencies of the tuned mode and some surrounding modes, the 
torsionality and the location of the L nodal plane along the drill. The predicted modes of 
vibration are listed in 
Table ‎6.1, it can be noted that one of the surrounding modes (7F) is very close to the LT 
mode. These modes, however, may not all be (physically) real. This aspect is related to the 
approximation in finite element methods which can give good estimation of lower modes 
of vibration but a progressively less accurate estimate for the higher modes [148]. Finally, 
the torsionality at the output face of the drill is calculated as 0.55 and the location of the 
flange is adjusted to be close to the L nodal plane of the model. 
 
 
 
 
 
 
Figure ‎6-1 FE model of the horn (left) and the normalised distribution of vibration 
amplitude along the horn (right).  
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Figure ‎6-2 FE model of LT drill.  
 
Table ‎6.1 FE predicting of modes of vibration for LT drill.  
No. Mode of vibration Resonance 
frequency (Hz) 
1 6F 37,274 
2 2T 38,166 
3 7F 50,318 
4 LT 50,942 
5 8F 56,404 
6 3T 57,652 
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6.3 Analytical model of LT drill 
The equivalent electrical network of an LT transducer, which is presented in Chapter 4, is 
extended to represent the LT drill model. This can be achieved by adding two additional 
circuits (region 7) to the right end to represent the horn, as shown in Figure ‎6-3. The first 
circuit is equivalent to the L modal behaviour of the horn which is added to the L branch of 
the network whilst the second circuit represents the T behaviour of the horn which is added 
to the T branch of the network. The impedance components of these two circuits were 
calculated by using the set of Equations 4.75 and 4.76 in Chapter 4. The equivalent 
network was then worked out to calculate the electrical impedance spectrum of the drill. 
 
 
 
 
 
 
 
Figure ‎6-3 Equivalent electrical network for LT drill.  
 
CHAPTER 6. CASE STUDY: DESIGN OF LT ULTRASONIC DRILL                                                     136 
 
6.4 Evaluation the analytical model of LT drill 
The fabricated LT drill, which is shown in Figure ‎6-4, has a total length of 90mm and an 
outer diameter of 3mm. The extended conductors of the copper electrodes were soldered to 
electrical wires and a layer of silicone rubber insulation was used to prevent electrical short 
between these conductors. The experimental data of the electrical impedance spectrum and 
phase difference were used to validate the analytical calculations as presented in 
Figure ‎6-5. The analytical model can predict the electrical behaviour of the drill with 
acceptable correlation. Although the real drill shows slightly lower overall electrical 
impedance than the analytical model, this may be related to the effect of copper electrodes 
which, for simplicity sake, were not considered in the analytical model. Also, the 
additional insulation layer can add some stiffness to the real drill, which shows slightly 
higher resonance frequency than the analytical model. This comparison suggests that the 
analytical model can be developed so as to be used successfully in the design of different 
arrangements for LT systems, such as an electrical circuit connection, which is necessary 
to match the LT drill with other electrical devices. 
 
 
Figure ‎6-4 Fabricated LT drill.  
  
Figure ‎6-5 Electrical impedance spectrum (left) and phase difference (right) of analytical 
and experimental analysis.  
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6.5 Evaluation of the FE model of the LT drill 
The accurate estimation of modal parameters of the LT drill was implemented by EMA 
techniques from a grid of measurement points. The results of overlaid modal peaks for 
broad-band excitation are presented in Figure ‎6-6. The extracted resonance frequencies and 
mode shapes of the desired and two surrounding modes of vibration are shown in 
Figure ‎6-7. These results show that not all predicated FE modes, listed in Table ‎6.1 were 
excited as the nearest F and T modes are at 39,466Hz and 56,659Hz respectively. These 
measurements provide the sufficient frequency spacing between the tuned LT mode and 
the neighbouring F and T modes of 24% and 9%, respectively. The separation between the 
LT and T mode is less than the minimum required separation of 10% as mentioned in 
section 3.3.1. However, the possible interaction between these modes can lead to increase 
the torsionality which is desirable in ultrasonic drilling. Good correlation can also be seen 
between the mode shapes of the FE predictions and the EMA results whilst the percentage 
differences between the resonance frequencies for F, LT and T modes were 5%, 2% and 
1.7%, respectively. 
 
 
 
 
 
 
 
 
Figure ‎6-6 EMA testing of LT drill (left) and modal peaks function (right).  
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(a) F mode FE (39,466Hz) 
 
(b) LT mode FE (51,964Hz) 
 
(c) T mode FE (56,659Hz) 
 
(d) F mode FE (37,293Hz) 
 
(e) LT mode FE (50,966Hz) 
 
(f) T mode FE (57,662Hz) 
Figure ‎6-7 Normalised mode shapes of EMA (upper) and FE (lower) of LT drill.  
6.6 Power harmonic characterisation 
6.6.1 Free boundary condition 
The technique of frequency sweep excitation using a burst signal, which is explained in 
section 5.3.3, was used to experimentally characterise the LT drill. The drill was tested first 
without the horn and with only the LT transducer, to characterise the response and the 
torsionality at the output surface at different levels of excitation. The LT transducer, which 
was tested under free boundary conditions, was secured to a sliding frame and the 
measured peaks of L and T responses were plotted, with the torsionality, as shown in 
Figure ‎6-8. An approximate linear trend of response across the entire excitation range can 
be noted, producing an average torsionality of 0.8. This ratio can be regarded as an 
indicator of the accurate modelling using this approach, as discussed in section 3.6. The 
horn was then (mechanically) connected to the transducer and a similar test was repeated, 
with the data measured at the output face of the horn and plotted against excitation level, as 
shown in Figure ‎6-9. In these results, the response-excitation linear trend no longer exists 
and torsionality, which is reduced by less than half, shows a gradual increase as the 
excitation level increases. This behaviour can be related to the amplification of the L 
response in the horn, which exhibits a linear excitation-response relationship up to a limit 
(about 4µm amplitude) where the nonlinear behaviour become dominant due to the 
influence of issues such as elevated temperature. 
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Figure ‎6-8 Peaks amplitude of L and T responses (left) and torsionality (right) for LT 
transducer (without horn). 
  
Figure ‎6-9 Peaks amplitude of L and T responses (left) and torsional ity (right) for LT drill 
(with horn).  
6.6.2 Load boundary condition 
In order to investigate the effects of loading on the response and torsionality of the LT 
drill, the output face of the drill was contacted against two different materials, Sherwood 
sandstone and a bone surrogate material (a polymer foam), with compression loads of 5, 10 
and 20N. The burst sine excitation technique at different voltage levels, 20, 40 and 60V, 
was used to excite the drill and the 3D LDV was utilised to measure the response near the 
tip of the horn as shown in Figure ‎6-10. The results of sandstone material loading, which 
are shown in Figures 6-11 and 6-12, suggest that increasing the loading will reduce both L 
and T responses so that the generated torsionality is not highly affected over this range of 
load. Slightly different behaviour, however, can be noted with bone surrogate material 
loading where an improvement in torsionality was found with an increase in excitation 
level. The results, shown in Figures 6-13 and 6-14, suggest that, although the variation in 
response for different loading is less than for the case of sandstone loading, the reduction 
in L response with excitation can be slightly higher than that in T response and that, 
therefore, torsionality can be improved by increasing excitation. 
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Figure ‎6-10 LT drill loaded to sandstone material (left) and bone surrogate material (right).  
  
Figure ‎6-11 Amplitude peaks of L response (left) and T response (right) for sandstone load.  
 
 
Figure ‎6-12 Torsionality values for sandstone load.  
  
Figure ‎6-13 Amplitude peaks of L response (left) and T response (right) for bone surrogate 
load.  
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Figure ‎6-14 Torsionality values for bone surrogate load.  
 
6.7 Conclusions 
The methodology for designing a LT transducer was used to design an ultrasonic LT drill, 
for which the FE, analytical and experimental modelling procedures were combined to 
create and characterise the drill under different operating conditions. The effect of 
connecting an ultrasonic horn to the LT transducer was studied through computer 
modelling and experimental testing, the results of which show the accuracy of modelling 
prediction for response and torsionality. An assessment of the effect of loading on the 
response amplitude and torsionality at the output surface of the horn was also performed by 
using a laser vibrometer. Different arrange of loading levels were used with two different 
types of materials and the results showed stability, or slight improvements, in torsionality 
when the loading levels increased. 
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Chapter 7 Conclusions and suggestions for future work 
 
7.1 Conclusions 
The work presented in this Thesis outlined a designing approach for producing a 
longitudinal-torsional (LT) vibration in ultrasonic horns which are used as front masses for 
traditional Langevin transducers. The approach is based on combining the principles of 
two existing methods in order to simplify the design and improve the performance. 
Through employing the geometry modifications, it has been found that the output response 
and the torsionality, which is the ratio of torsional to longitudinal response at the output 
surface, can be highly tailored. Furthermore, the new approach has proved to be scalable 
for different sizes of transducer to achieve similar or better performance characteristics, an 
important feature that makes it applicable to a wide range of ultrasonic applications. 
The development of the approach takes a number of stages. It begins with the prediction 
methodology of mathematical modelling and progresses through the experimental 
methodology of fabricating LT transducers. Mathematical modelling, which includes finite 
element (FE) and analytical models, is used to create, optimise and predict the performance 
of an initial design whilst experimental techniques, which consist of electrical impedance 
analysis, experimental modal analysis (EMA), and harmonic response analysis, are used to 
characterise the fabricated models and to validate and update the mathematical models. 
The principle of this approach consists of cutting and twisting a number of slots along the 
axial direction of an exponential horn. This horn was used as a front mass of a longitudinal 
Langevin transducer on which an optimisation study by a FE model was performed by 
changing a number of geometric parameters to fulfil certain criteria. The geometric 
parameters included the shape and dimensions of slots and the angle of twist along the 
axial direction, whilst the optimisation criteria included the resonance frequency, output 
response and torsionality, frequency spacing between tuned and surrounding modes and 
the location of the nodal plane. The calculations showed interesting results, according to 
which the torsionality can reach up to 0.8 with sufficient frequency spacing between modes 
to prevent any possible modal coupling. Based on the initially selected size, the FE model 
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achieved these results at frequencies at the threshold of ultrasonics (at 20kHz). A size scale 
study was then performed to create differently sizes of models at higher resonance 
frequencies. The results of this study demonstrated the possibility for designing different 
sizes LT transducer which yields similar overall performance. 
The optimum design was used in an analytical model study based on the equivalent circuit 
method to predict the electromechanical parameters which cannot be predicted in the FE 
model. The analytical model, which is characterised by low computing requirements, was 
also extended to validate some of the FE findings. These include mode shape, response and 
torsionality, where good correlation was achieved. 
Two different sizes of the optimum transducer were fabricated and experimentally tested 
for validation and characterisation purposes. There was a high correlation between 
experimental results and analytical calculation of electrical impedance values under 
resonance and anti-resonance conditions but the real transducers show frequency reduction 
due to the reduction of front mass stiffness by slitting. However, the frequency reduction 
was compensated in the model by an assumption of a linear relationship between stiffness 
reduction and the size of the front mass. This assumption was validated by the FE model 
and presented high correlation in predicted resonance frequencies for differently sized 
models. 
EMA was used to accurately estimate the modal parameters of the fabricated transducers 
and validate the calculations of the models. There was good correlation between predicted 
and measured resonance frequencies of the tuned and the surrounding modes of vibration. 
There was, however, lower correlation between predicted and measured frequencies for 
some surrounding modes, a result which may be related to slight differences in geometrical 
or material properties or to the interaction between parts in the mathematical models. The 
predicted and measured mode shapes showed good agreement where the nodal planes of 
these modes were located at the same place along the transducers. 
A harmonic burst excitation technique was used to characterise the fabricated transducer at 
different levels of excitation, which proved to yield a close representation of operating 
conditions. A good correlation between predicted and measured amplitude peaks, of 
longitudinal and torsional responses at the output surface was observed at low excitation 
levels where the linear behaviour dominated. This correlation, however, was lower at 
higher excitation levels, where the effects of piezoceramic nonlinearity and structural 
damping become more influential. 
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The new approach was also employed to design a LT ultrasonic drill which was tested for 
unloaded and loaded conditions against different materials. The results suggest that the 
response can be affected by an increase in loading such that the produced torsionality can 
be retained or slightly improved. 
7.2 Suggestions for future work 
7.2.1 Design a driving system and investigate the effect of excitation 
method on LT drill performance 
Although the developed LT drill (discussed in chapter 6) was successfully used to 
accomplish a real drilling process, the achieved results were not published in this work 
because the driving method of the drill was performed manually. This method can be used 
for short testing periods; however for continuous drilling, it is essential to design a driving 
system which has the ability to match electrical impedances of drill and power supply, 
track the resonance conditions and provide means of measuring all the related parameters. 
It is also necessary to study different excitation methods to optimise the drill performance 
by reducing the influence of the electrical field on the piezoceramic components. The 
analytical model can help to predict the electrical behaviour of the overall system (the drill 
and the driving system) prior to fabrication which is another advantage of this 
mathematical model. 
7.2.2 Design of the LT drill bit 
It has been shown that the designed drill bit, discussed in Chapter 6, resonates in 
longitudinal mode and that, therefore, it only amplifies the L response rather than the T 
response which degrades the output torsionality. In order to preserve the high torsionality 
of the LT transducer, it is important to develop a drill bit which can amplify both types of 
transducer response. The principles of the developed approach can be used to optimise this 
design by incorporating the slitting-twisting technique to produce an efficient drill bit.  
7.2.3 Investigate other LT ultrasonic applications 
Although ultrasonic drilling is directly related to the LT vibration, other ultrasonic 
applications, such as medical devices, welding and motors, can benefit from this 
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combination of motions. Ultrasonic welding is normally performed by a single longitudinal 
mode, however as earlier discussed in the literature review, incorporating other modes, 
such as the torsional mode, can enhance the strength and uniformity of the bonding. 
Furthermore, ultrasonic motors, which are characterised by high torque and low rotational 
speed, are widely used in different applications and therefore the developed approach can 
be investigated within such ultrasonic fields. 
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